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ABSTRACT 

A  non-linear  theory  for  the  equilibrium  deformation 
of  homogeneous  isotropic  shells  is  derived  and  compared 
with  the  classical  three  dimensional  non-linear  theory 
of  elasticity. 

To  obtain  the  shell  theory,  let  U"''  and  U^  be 
displacements  tangent  to  the  undeformed  middle  surface  and 
let  U''  be  a  displacement  normal  to  the  middle  surface.   The 

displacement  fields  considered  are  restricted  by  requiring 

12  ^ 

that  U  and  U  be  nth  degree  polynomials  in  0^  and  U^  be 

an  (n+l)st  degree  polynomial  in  0  where  0-,  is  the  undeformed 
distance  to  the  middle  surface  along  a  normal  line.   Restrict- 
ing the  displacements  in  this  way,  the  potential  energy  of 
the  shell  becomes  a  functional  of  the  3n44  coefficients  of 
the  displacement  polynomials.   Requiring  that  the  potential 
energy  be  stationary  with  respect  to  variations  of  the  3n44 
coefficients,  gives  the  equilibrium  equations  and  surface^ 
traction  boundary  conditions  of  the  shell  theory. 

The  shell  theory  is  compared  with  the  classical  three 
dimensional  theory  by  examining  the  errors  which  result  when 
displacements  satisfying  the  equilibrium  equations  and  surface 
traction  boundary  conditions  of  the  shell  theory  are 
substituted  into  those  of  the  classical  three  dimensional 
theory.   Let  E  ,  E  and  E  denote  any  error  resulting  from 
an  equilibriiom  equation,  a  surface  traction  boundary  condition 
at  the  edge,  and  a  surface  traction  boundary  condition  at  a 


ill 


face,  respectively,  of  the  classical  theory.   It  Is  shown 
that  E  ,  E  and  their  derivatives  have  a  stated  number  of 
zeros  along  each  line  normal  to  the  middle  surface,  the 
niimber  of  zeros  depending  on  n  and  the  number  of  differentia- 
tions of  the  error  with  respect  to  0,.   Furthermore,  if 
the  shell  thickness  and  deformation  are  small  enough,  and 
if  the  body  forces  and  surface  tractions  at  the  faces  and 
their  derivatives  are  small  enough,  then,  at  points  not  too 
near  the  edge,  E„  and  its  derivatives  are  significantly 
small  if  n  is  large  enough,  and  E  and  its  derivatives  are 
significantly  small  throughout  the  thickness  if  n  is  large 
enough  and  there  are  not  too  many  differentiations  of  E 
with  respect  to  0  ,   Also,  under  the  previous  restrictions, 
the  low  degree  terms  in  the  displacement  polynomials  and 
their  derivatives  are  more  significant  than  the  high 
degree  terms  at  points  not  too  near  the  edge  (at  least  this 
is  always  true  if  the  difference  in  degrees  of  the  two  terms 
is  greater  than  or  equal  two). 
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INTRODUCTION 

This  paper  presents  a  non-linear  theory  for  the  equilibrium 
deformation  of  homogeneous  isotropic  shells  and  makes  a  compar- 
ison between  the  shell  theory  and  the  classical  three  dimensional 
non-linear  theory  of  elasticity.   These  are  called  the  shell 
theory  and  the  classical  theory  in  the  following.   In  the  process 
estimates  are  derived  which  are  of  considerable  interest  in 
their  own  right. 

The  classical  theory  may  le  obtained  by  requiring  that 

the  potential  energy  of  tlie  shell  be  stationary  with  respect 

to  all  possible  displacements,   To  obtain  the  shell  theory  a 

restricted  set  of  displacements  is  admitted  into  the  potential 

energy  as  follows.   Let  0-,  and  0p  be  parameters  for  the  unde- 

formed  middle  surface.   Let  'r{6    ,6    )    be  the  position  vector 

to  the  undeformed  middle  surface,  "g  =  -5^(0.  =  1,2)  be  tangent 

-^       -^  °^a 
-»     ^1  "^  ^2 

vectors,  and  g^  =  be  a  unit  normal  vector  to  the  unde- 

I g 2  X  g2 I 
formed  middle  surface.   Let  G^   be  the  undeformed  distance  to 
the  middle  surface  along  a  normal  line,  the  sign  of  0^   being 
chosen  so  that  9^    is  positive  on  the  side  of  the  middle  surface 
towards  which  g".,  points  and  is  negative  on  the  other  side. 
Then  the  displacement  vector  u  can  be  expressed  in  the  form 
u  =  U''"g'.  (as  usual,  Latin  indices  assume  the  values  1,2,3; 
Greek  indices  assume  the  values  1,2;  and  repeated  indices  are 

summed) .   For  the  shell  theory  only  those  displacement  vectors 

1       2 
are  admitted  for  which  U   and  U   are  nth  degree  polynomials  in 

0^    and  U   is  an  (n  +  l)st  degree  polynomial  in  G^,    the  coeffi- 


cients of  the  polynomials  being  functions  of  0-.    and  0p 
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this  restriction  the  potential  energy  becomes  a  functional  of 

the  3n+4  coefficients  of  these  polynomials.   Requiring  that 

the  potential  energy  be  stationary  gives  the  equilibrium 

equations  and  surface  traction  boundary  conditions  of  the 

shell  theory. 

The  shell  theory  is  compared  with  the  classical  theory 

by  examining  the  errors  which  result  when  displacements 

satisfying  the  equilibrium  equations  and  surface  traction 

boundary  conditions  of  the  shell  theory  are  substituted  into 

the  equilibrium  equations  and  surface  traction  boundary 

conditions  of  the  classical  theory.   In  doing  this  it  is 

assumed  that  the  displacements  satisfying  the  shell  theory 

have  as  many  continuous  derivatives  as  desired  or  needed. 

After  arranging  the  equilibrium  equations  and  surface  traction 

boundary  conditions  of  the  classical  theory  in  a  convenient 

form,  E.  (i  =  1,2,3)  denotes  the  errors  obtained  from  the 

equilibrium  equations,  E.   denotes  the  errors  obtained  from 

the  surface  traction  boundary  conditions  at  the  edge,  and  E.^ 

denotes  the  errors  obtained  from  the  surface  traction  boundary 

conditions  at  either  face.   It  is  shown  that  E   ,  E   ,  and 

aq'   ae' 

their  derivatives  have  n-  k-  1  zeros  along  each  line  which  is 

normal  to  the  middle  surface  in  the  undeformed  shell,  and  E-,  , 

3q' 

E^  ,  and  their  derivatives  have  n  -  k  zeros  along  each  such  line  where 
k  is  the  number  of  differentiations  of  the  errors  with  respect 
to  0^.   Furthermore,  if  n  is  large  enough,  if  the  shell  thickness 
is  small  enough  relative  to  the  distance  to  the  edge  and  relative 


to  the  geometry  of  the  undeformed  shell,  if  the  strains  and 
displacement  gradients  are  small  enough  after  a  simplifying 
rigid  transformation,  and  if  the  prescribed  surface  tractions 
at  the  faces  and  their  derivatives  and  the  body  forces  and 
their  derivatives  are  small  enough,  then  E.  ,  E.^,  and  their 
derivatives  are  significantly  small  provided  the  derivatives 
of  the  E.   do  not  have  too  many  differentiations  with  respect 
to  6-,.      In  many  cases  n  is  large  enough  for  the  above  if 
n  _>  3 .   The  meaning  of  "small  enough"  depends  on  n  and  the 
strain  energy  density  function.  -It  is  also  shown  that  under 
the  previous  restrictions  the  low  degree  terms  in  the  displace- 
ment polynomials  and  their  derivatives  are  more  significant 
than  the  high  degree  terms  (this  is  true  at  least  when  the 
difference  in  the  degrees  of  the  terms  is  greater  than  or 
equal  two) . 

The  most  difficult  task  in  showing  the  above  is  the 
derivation  of  estimates  for  the  derivatives  of  the  stresses 
and  displacement  gradients.   The  procedure  is  to  obtain 
estimates  for  the  Lp  norms  for  the  various  functions  and  use 
Sobolev's  inequality  for  a  slab  to  obtain  pointwise  estimates. 
The  work  of  F.  John  was  an  indispensible  guide  in  obtaining 


John,  F.,  Estimates  for  the  Derivatives  of  the  Stresses  in 
a  Thin  Shell  and  Interior  Shell  Equations,  Comm.  Pure  Appl.  Math. 
Vol.  XVIII,  1955,  pp.  235-'^bY. 


these  estimates  (although  the  details  of  the  calculation  are 
quite  different  here),  and  this  author  acknowledges  his 
indebtedness  to  that  work.   The  extent  of  the  indebtedness  to 
the  work  of  F.  John  will  be  clear  to  everyone  familiar  with  his 
work  and  will  not  be  mentioned  further.   Appreciation  is  also 
hereby  expressed  to  F.  John,  J.  J.  Stoker,  and  W.  T.  Koiter 
for  valuable  discussions  on  the  work. 


2 
1.   Pseudo-tensor  notation. 

Consider  a  fixed  rectangular  Cartesian  reference  frame  X, 

and  let  7(9, , Op)  be  the  position  vector  from  the  origin  of 

this  reference  frame  to  the  middle  undeformed  surface. 

A  middle  undeformed  surface  is  considered  such  that  normals 

to  it  do  not  intersect  for  | 0^ |  j^  h,  whenever  h  is  small  enough, 

and  such  that  the  surface  and  its  boundary  are  smooth  enough 

so  that  subsequent  uses  of  the  divergence  theorem  are  valid. 

The  undeformed  shell  is  then  defined  to  be  the  region  | 0^ |  <  h. 

Letting  x  be  the  position  vector  from  the  origin  to  an  arbitrary 

point  (x-,,Xp,x^)  in  the  shell,  we  also  assume  that  the  middle 


Although  several  of  the  quantities  introduced  here  have 
established  names  such  as  two  point  tensors  or  shifters  of  one 
sort  or  another,  the  one  term  ''pseudo-tensor''  is  introduced  to 
keep  the  nomenclature  to  a  minimum.   See  Erickson,  J.  L., 
Tensor  Fields,  Handbuch  der  Physlk,  Vol.  IIl/l,  Sprlnger-Verlag^ 
I960,  pp.  794-850 . 


undeformed  surface  is  smooth  enough  so  that 


(1.1)  X  =  7+  e^g^ 


defines  a  relationship  between  the  coordinates  x.  and  0. 

11 

which  has  as  many  continuous  derivatives  as  needed  in  the 
following,  the  same  being  true  for  the  Inverse  relationship. 
Let 


(1.2)     g.  J  =  ^.  .  t^    ,       (g^^")  =  (Sij)"^  ^   and  r  =  ^^H^    . 

Then  the  quantities  g   and  g  ^  are  the  components  of  the 
usual  covariant  and  contravariant  metric  tensors  for  the 
middle  undeformed  surface.   Also  g^   =  g   =0  and 
g^^  =  g^^  -  1.   Finally  g^'^'  =  g^  •  g''^' ,  g ^  •  g '^'  =  &^,  and  g^  =  g^ 
The  quantities  a.  and  A.  are  defined  to  be  the  components 
of  the  vectors  g".  and  g"""  with  respect  to  the  reference  frame  X 
as  follows: 


(1.3)  f.  =  (al,a2,a^)  ,  t^   =  [k\,k\,k\)    . 
Then 

(1.4)  (aj)  =  (AJ)-l  ,   gy  =  aja5  ,   g^J  =  aJaJ  . 

Given  any  indexed  set  of  functions  associated  with  the 
X-frame,  say  d. .  (the  number  of  indices  is  not  important),  we 
associate  indexed  sets  D.  .,  D.  ,  D  .,  and  D  ^    with  the  curvilinear 


coordinates  6^   as  follows: 


=ij  =  4^ht '  =^1'  =  "-^ht 


^"i '  ^i-^^hi '  "''  =  "^i^Wi.  ■ 


When  the  indexed  set  d.  .  is  symmetric  (i.e.  d.  .  =  d..),  both 
-^  J  -■- J     J  -L 

D"^  .  and  D."""  will  be  denoted  by  D"": .   The  functions  d.  .  and  D.  . 

J  J  J  -^  J  -*-  J 

(or  D"^.,  D."^,  D"'"'^)  will  be  called  X-  and  G-components  of  the 
same  pseudo-tensor.   It  is  easily  seen  that  D. .  =  g-^D  ., 
D  "^  =  g"""  g"^  D,  -,  etc.,  so  that  the  quantities  g""""^  and  g.  .  can 
be  used  to  raise  and  lower  indices  of  the  0-components  of 
pseudo-tensors  in  the  same  way  that  the  indices  of  the  components 
of  tensors  are  raised  and  lowered  using  a  metric  tensor. 

Observe  that  5.  .  and  g.  .  (or  g  "^ ,  5"^)  are  X-  and  ©-components 
of  the  same  pseudo-tensor.   Also  if  u.  denotes  the  X-components 
of  displacement,  then  u.  and  U"*"  are  X-  and  0-components  of  the 
same  pseudo-tensor. 

Pseudo-tensors  have  a  contraction  principal  of  the  same 
sort  as  ordinary  tensors.   Let  c.  .  and  C  .  (or  d.  .,  and  D.  .,  ) 


be  X-  and  0-components  of  the  same  pseudo-tensors.   Then 
-J 


c..  =  C.   =  C  .  (or  d.. .  and  D.  .  are  X-  and  0-components  of 


the  same  pseudo-tensor) . 

If  d.  .  and  D.  .  are  X-  and  0-components  of  a  pseudo-tensor, 
D.,|,,  D..L  ,  etc.  are  defined  to  be  the  ©-components  of  the 


pseudo-tensors  having  -r-^  ,  -^ r^  ,  etc.  as  X-components . 

i.e.  D^^lv  =  a.a.a,  -vrrr^  ,  etc.   Indices  of  D..L  are  raised 

and  lowered  the  same  as  those  of  the  ©-components  of  other 
pseudo-tensors . 

It  follows  immediately  that  g.  .  L  =  0,  g"^"^  L  =  0>  etc. 

1 J  K  K. 

Let  b   =  "g-:!;  •  gL  Q  he  the  components  of  the  second 
fundamental  form  of  the  middle  undeformed  surface  (,a  means 
-tq—  and  ,±   will  mean  -^q—)-      For  convenience  let  b.^  =  b^.  =0 

and  raise  the  indices  of  the  quantities  b. .  just  as  if  they 

were  the  0-components  of  a  pseudo-tensor.   Then  let 

(B^)  =  (5^-0^b^)"^  (observe  that  b"  =  B^  =  0  ,  B^  =  1) . 

The  indices  of  the  B.  are  also  raised  and  lowered  just  as  if 
J 

they  were  0-components  of  a  pseudo-tensor.   Then  H  =  -pb^^  is  the 

mean  curvature  and  K  =  det(b„)  is  the  Gaussian  curvature  of  the 

P 

p 
middle  undeformed  surface.   For  convenience  let  C  =  1-  2EG    +  K6^. 

Quantities  p..  are  defined  by  "g.  .  =  ['.  .g,  .   Then  also 

g   .  =  -nL-^-g  •   The  quantities  p^  are  the  usual  Christoffel 

symbols  for  the  metric  of  the  middle  undeformed  surface  and 

P^.  =  b.  .  ,  pj.  =  -b^  ,  P^^  =  0. 

In  terms  of  the  X-components  of  'g'.    and  g  one  has 


^         '  i,j  ~  '  ij^i  '   ^k,j  -   I  lj\ 


From  X  =  r  +  0^g^  one  obtains 


so  that 


^.J  =  '^j  -  Vj'^K 


(1.5)  1 


i  ^  -  "k'^j  • 


If  d.  and  D.  are  X-  and  0-components  of  the  same  pseudo- 


tensor. 


D.I.  =  al^a!  !^  =  aW  !!l -^  ^^s      , 


(1.6)  =  a^a«B^4(Ajl,3^,  -    rlA\^ 


j^    i,r         '    ir   s' 


Similarly 

(1.7)  D^l    =  (d\^  +  rLi-^jBj . 


If  d .  .  and  D.  .  are  X-  and  0-components  of  the  same 
pseudo-tensor. 


(1.8) 


°ljllc=    (°1J,«-    TTAj    -    HAm'Si? 


^^•l'='^J,.^0^-^»*,ete 


2.   Introduction  of  the  classical  theory  and  shell  theory. 


Let  u.  denote  the  X-components  of  displac 


ement 


^ij  =  2^^  +377+^33^^  ^^  ^^^  strains,  and  let 

^1  =   ^ii  '  ^2  =  ^ij^ji  '  ^^d  ^3   =   ^ij^jk^kl  ^^  ^^^  ^^^^^'^ 
invariants . 

For  homogeneous  isotropic  materials,  the  strain  energy 

per  unit  undeformed  volume,  W,  is  a  function  of  s, ,  Sp,  and  s^ . 

In  order  that  the  strain  energy  density  function  agrees  to 

lowest  order  terms  with  that  of  the  linear  theory  of  elasticity ^ 

it  follows  from  Taylor's  theorem  that 


W  =  -^  s^  +  lis^  +  W-j^s^  +  WgS^s^  +  W^s^  +W2^s^ 


where  A  and  |j.  are  the  Lame  constants  and  W-,  ,  Wp,  W^ ,  and  W^ 
are  functions  of  s.,  ,  s^,  and  s^  which  are  assumed  to  have  as 
many  derivatives  as  necessary  for  the  following. 


Let 


t .  .  =  -r —  0  .  .  +  ^  -r —  e .  .  +  3  ^v —  e . ,  e,  . 
ij    ds^  ij     ds^   ij    ^  ds7  Ik  kj 


so  that 


t .  .  =  Ae,  ,  6 .  .  +  2LLe.  .  +  z .  . 


where  z.  .  is  quadratic  in  the  e,   with  coefficients  depending 
on  the  e,  „ . 
Let 


^ij  =  (\  -^  ^3r^^kj  =  -^ 


'k 


be  the  Kirchhoff  stresses.   The  q.  .  are  always  treated  as 
functions  of  the  displacement  gradients  and  are  defined  for 
all  displacements  even  if  the  displacements  are  not  solutions 
of  either  the  shell  theory  or  the  classical  theory. 


per  unit  undeformed  area)  on  the  face 


K    =  h,  and  let  q.  _  be 


the  corresponding  components  on  the  face  0^  =  -h. 

Let  f.  be  the  X-components  of  body  force  (force  per  unit 
undeformed  volume). 

Let  q.   be  the  X-components  of  surface  traction  (force 
per  unit  undeformed  area)  at  the  edge  of  the  shell. 

Then  the  equilibrium  equations  of  the  classical  theory  are 
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(2.1) 

and  at  the  boundary 


Sq, 


J 


^i- 


(2.2) 


q.  .n.   for  G^    =   h 


q .  .n  .   for  6-,    =   -h 


q. .n .   at  the  edge 


where  the  n.  are  the  X- components  of  the  unit  outer  normal 
vector  to  the  shell. 

Now  let  capital  letters  denote  the  0-components  of 
pseudo-tensors  whose  X-components  are  denoted  by  the  lower 
case  letters.   Then,  using  the  contraction  principal  for 
pseudo-tensors,  the  classical  theory  becomes 


(2.3) 


i3 


for   0^  =  h 


Q^   =  -Q^^   for 


)  i^        at  the  edge 


+1  for  Q      =  ±h   and  N^  =  0  on  the  edge. 
To  obtain  the  shell  theory,  consider  the  potential  energy 


edge 


dS 


shell 


e,=h 


0^=-h 
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where  dv  Is  the  undeformed  volume  element  and  dS  is  the 
undeformed  area  element.   Letting  a  supper  dot  denote  the 
variation,  the  requirement  that  o  is  stationary  becomes 

^ '  III  "ij  S7  -  fA'''-  -  II \A^^ 

shell       ^  e   =h 


II     ^i-^i^S  -  fj   q. ^u. dS  =  0 


e  =-h 


After  using  the  divergence  theorem,  this  becomes 

°  =  -III^  w  *  fi'"i^^  ^  II  '"^ij^j  -  ^i+'^i-'s 

shell     ^  0^=h 

^  II   ^^ij'^J  -  ^J^i^S  +  ff   (q.  .n.  -  q,^)u.dS  . 
e^=-h  edge 


Using  the  contraction  principal  and  the  fact  that  the  U. 
are  the  0-components  of  the  pseudo-tensor  whose  X-components 


°  "      'Ill^'^^^h   ^  ^^^"i^^  +    If  (Q^'^Nj    -   QV)UidS 
shell  0  =h 

+    jj  (Q^"^Nj    -    Q^JU.dS   +    J]"  (Q^J'Nj    -    Q^e)U.dS    . 
6-5=-^  edge 
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Since  N  =  0,  N^  =  ±1  for  0^  =  ±h  and  N^  =  0  on  the  edge 
'^  J  J  J 

the  above  becomes 


shell  e   =h 


-  II    (Q^^  +  Q\)Uids  +   ff  (Q^X  -  Q^)u.ds  . 

e^=-h  edge 


But  dv  =  CdAde^  and  dS  =  CdA  for  e^  =  ±h  where  dA  is  the 
element  of  undeformed  area  on  the  middle  surface.   Also 
dS  =  ^ds  de,  at  the  edge  where  Cl=  1/(6^  -  20^b^  +  e?b%^)A^A  , 
A  g  =  A  g'  is  the  unit  tangent  vector  to  the  boundary  curve 
on  the  undeformed  middle  surface,  and  s  is  the  undeformed  arc 
length  of  the  boundary  curve  on  the  middle  surface.   In  addition, 
for  the  displacements  admitted  into  the  potential  energy  to 
obtain  the  shell  theory. 


n+1 

k 
3k-3 
k=0  k=0 


"a  =  I  "akS"  '   "3  =  X  "'-" 


where  U  ,  and  U^,  are  arbitrary  functions  of  0,  and  0p, 
Hence 
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n_  h 


^11 1  [-1 

k=0  *-  -h 


k=0   -h 


[(Q«  -  Q^jce^le^^,  -  [(Q«  +  Tjce^^^j^}^^  sa 


n+l    h 


+  [  (q"  -  Q^)ce^]e^,h  -  [  («''  *  «'-'c«j]e  =-h]"3k 


k=0  ^  -h  '-' 


n+l   h 
k=0^  -h 


From  this  are  obtained  the  equilibrium  equations 
'    h 

-h  ^ 


(2.^)< 


-  [(Q°^  +  Q^JCe^lg  ^_^  (k  =  0,1,2, ...,n) 

h 
/  (Q^-^'l  .  +  F^)Ce^d0^  =  [(Q^^  -  0^^)09^] 


■h 


[(Q^^  +  Q^_)C0^]g  ^_^  (k  =  0,1,2, ...,n+l) 
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and    the    edge   "boundary   conditions 
!      h 


(2.5)    i    -^ 


/      {<f\    -  ^^)G^Ude^    =   0(k   =   0,1,2,  ...,n)     , 
-h 
h 
f     (Q^^Np    -    Q^^)e^Ude^   =   0(k   =   0,1,2,  ...,n+l) 


'    -h 

of  the  shell  theory. 
Letting 

(2.6)         Q^  =  Wi^^^+   +  ^^^  +-^(Q\  -  Q^^ 

one  has  Q"^  =  Q"""   when  0   =  h  and  Q"""  =  -Q"^   when  0   =  -h. 
Then  the  equilibrium  equations  become 

!/(Q"^'lj  +  F«)C05de3  =  [(q"^-q")C05]^^:^^  ,  (k  =  0,l,2,...,a) 


(2.7) : 

'  h 


/  (Q^^"|j+F^)C0^d0^  =  [(Q^^-  Q^)C03]g^^_^  ,  (k  =  0,1,2,..., n+1 


(Q^J|^.+  F^)C0^d0^  =  [(Q^^-  Q^)C0^] 
'.,  -h 

From  these  equilibrium  equations  it  follows  that 

/  h 

0^=h 


-h  ^ 

(2.8)  \ 

h 

1/  [Q^'^'lj  +  F^)C]^^Pd0^  =([(Q^^  -  Q^)C]^^P} 


etc.  where  P  is  an  arbitrary  polynomial  in  0^  of  degree  h  if 
i  7"^  3  and  of  degree  n  +  1  if  i  =  3 . 


15 


similarly 

r    h 

I  /  (Q^%  -  Q\)c^-Pd03  =  0 
h 
h 


■h 
(2.9)      A 


V- 


J    [«i'\   -  Q'e)^],sMS  =° 


etc.  at  the  edge  of  the  shell  where  P  has  the  same  meaning 
as  above . 


3.   General  comparison  of  the  shell  theory  and  classical  theory. 

This  comparison  of  the  two  theories  is  called  a  general  comparison 
because  it  is  valid  for  all  solutions  to  the  shell  theory,  regardless 
of  the  thickness  of  the  shell  or  the  size  of  the  deformation. 
This  comparison  is  contained  in  the  following  theorem. 

Theorem  (3-1):  Let  the  displacements  U"^  be  a  solution  to 
equilibrium  equations  and  surface  traction  boundary  conditions 
of  the  shell  theory.   Then 

^ ^ ^ =  Oat  n-k^-1  points  (^^  n  -  k  -  1  >  O)  ,  and 

^^[(q^-^'l.  +  F^)C] 

^ !^ ^ =  0  _at  n  -  k,  points  (if  n  -  k^  >  0) 
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along  each  line  which  is  normal  to  the  middle  surface  in  the 
undeformed  shell.   Also  at  the  edge  of  the  shell 

T-t ^_ =Oatn-kp-l  points  (i^fn-k^-l  >  0),  and 

as  ^se^^ 

T^ T- =  0  a^  n  -  kp  points  ( if_  n  -  k„  >  0) 

along  each  line  which  is  normal  to  the  undeformed  middle  surface. 

The  equilibrium  equations  and  edge  boundary  conditions  of 
the  classical  theory  may  be  written  as 


(Q^'^'lj.  +F^)C  =  0 


Thus  the  theorem  states  that  if  a  solution  to  the  shell 
theory  is  substituted  into  these  equations,  both  the  error  and 
its  derivatives  are  zero  at  a  stated  number  of  points  on  each 
normal  line  to  the  middle  surface. 

^^[(q^^'l.  +f^)c] 

The  proof  of  the  statement  about  n n n 

will  be  given.   The  rest  of  the  theorem  can  be  proved  in  a 

k  -  k 
similar  manner.   Let  E  =  r- ^—^ .   For  each 


17 


fixed  9-.,    0p  it  is  assumed  that  E  has  isolated  zeros.   Otherwise 
it  has  infinitely  many  and  the  statement  of  the  theorem  for  E 

is  trivially  true. 

2    2 
First  consider  the  case  n  >  1  and  let  P  =  h  -  0    .      From 

h  ~  ^ 

(2.8)  one  has  /   EPd0   =  0.   Since  P  is  not  zero  for  |e  |  <  h, 
-h 

it  follows  that  E  has  at  least  one  zero  for  \0-^\    <  h.   Furthermore, 

since  its  zeros  are  isolated,  it  has  at  least  one  zero  where  it 

changes  sign. 

Now  consider  the  case  n  _>  2.   Assume  E  has  only  one  zero 

2    2 
Where  it  changes  sign,  namely  0^  =  r .   Let  P  =  (0^  -  r)(h  -9^). 
h  P  ^  ^ 

Again  /   EPd0   =  0.   From  the  choice  of  P,  the  integrand  does 
not  change  sign.   This  is  a  contradiction  so  that  E  has  at 
least  two  zeros  where  it  changes  sign. 

Proceeding  in  this  manner,  it  can  be  shown  that  E  has 
n  zeros  for  |0  |  <  h.   Then  using  the  mean  value  theorem,  the 


^^[(Q^^'l,  +i^)C] 


statement  of  the  theorem  about  r- ^ r- follows. 

a0^^B02^B0^^ 


4.   Certain  dependencies. 

In  deriving  estimates  for  the  derivatives  of  the  displacement 
gradients  and  stresses,  use  will  be  made  of  certain  dependencies 
which  exist   among  them. 

Let  L.,  .  =  ^(U^  .  +\]^    .  )    and  M,  ,  -  AL  ,6  .  .  +  2m.L  .  .  .   Then 
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the  L.  .  and  M.  .  would  be  the  strains  and  stresses  if  a  flat 
plate  and  the  linear  theory  of  elasticity  were  being  considered 

with  e^  =  x^. 

Let  S.  .  =  Q'^.-M.  .  and  V.  =  M.  .  ..   Then  S.  .  is  the  part 
of  the  stress  which  is  due  to  non-linearity  and  the  curvature 
of  the  shell.   Also  V.  would  be  identically  zero  if  a  flat 
plate  and  the  linear  theory  were  being  considered  with  zero 

Let  a,  (k  =  1,2,...)  be  the  set  of  all  functions  of  the  types 


Se^^Se^^V     S0i^02^^3      he^^he^'^hG^^ 


where  for  functions  of  the 


first  type  i  7^  3  and  k  is  even,  or 


i  =  3  and  k^  is  odd;  for  functions  of  the  second  and  third  types 
£-.    =  0,    or  ^^  =  1  and  at  least  one  of  j  and  ^  is  3,  or  ^   is 
even  and  neither  or  both  of  j  and  £   are  3,  or  i^  is  odd  and 
exactly  one  of  j  and  £   are  3-   The  various  cases  mentioned  are 
not  all  mutually  exclusive. 

Let  b^(k  =  1,2,...)  be  the  set  of  all  functions  of  the 
above  three  types  with  no  restrictions  on  the  indices. 

Theorem  (4.1):   For  k  _>  2  every  function  in  a,  can  be 
expressed  as  a  linear  combination  of  functions  of  the  types 

s'''»i,i  a^'"'^^  S'^'^^rs 

^.      k~  '  i.       Zr,      l^      '  r    r    r 
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where  H-,    =  0,  _o£  H      Is  even  and  It   ^  J) ,    or  i   is  odd  and  ^^  =  3 . 

For  k  ^  2  every  function  In  b,  can  be  expressed  as  a  linear 
combination  of  functions  of  the  types 

^"■'Xi  a'-"'"ae       S'-'^         a'''Srs 

k^j   I^  '    i-i   ^P     '    m   m   m 

These  linear  combinations  for  functions  in  a,  and  b,  can 
be  chosen  so  that  the  following  are  true.  The  derivatives  of 
S   occur  only  in  the  linear  combinations  for  the  derivatives 

i                                °   ^1  i 
of  the  Q  ..   The  linear  combinations  for  — j- ^        u      (k^  >  l) 

J     -K-,    Kp   K^    J5  — 

Involve  derivatives  of  V.  which  have  at  most  k^  -  1  differentiations 


with  respect  to  0,.   The  linear  combinations  for  U  -,      do  not 
Involve  V.  or  any  of  its  derivatives.   Finally,  the  linear 

combinations  for 


^^ae^^ae-^ 


"1  "2  -^3 
have  at  most  k^  -  2  differentiations  with  respect  to  0^  lf_ 

k,  >;  2,  and  no  derivatives  of  V,  with  respect  to  0^  are  involved 
if_  k,  <  2 . 

All  linear  combinations  referred  to  have  constant  coeffi- 
cients which  depend  only  on  A  and  p. . 
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To  prove  the  theorem  use  Is  made  of  the  relations 


(4.2)      U^ 


[M, 


+  M. 


-M 


,  jk       2^L    ''  ij,k       Ik,  j        jk,l 


(M 


.5.  .   +  M 


3A+21X    '    Ji&,k  Ij  ii,j    Ik         \g^,l   jk 


.5.v)] 


and 


(4.3)   M,.  =  AU-^^5.  . 


n(u^ 


,3 


)  . 


From  the  definitions  of  L^  and  M^ . 


^IJ  ^  iL   (^ij 


3AT2fI  ^kk^lj) 


and  (4,2)  follows  from  these. 

Eq.  (4.3)  also  follows  from  the  definitions  of  M^ .  and  L^ . 
From  the  definition  of  V. 


(4.4) 


^15,3 


M,  +  V. 


From    (4.2) 


+  M 


(M, 


.5   .+  M, 


,P7         2m.    "■    ap,7        a7,P        P7,a      3>^+2ix    '    ^.^,7  ap         .g.g,p   a7 


U^  1     [M 


2[i    '    ap,3  a3,P 


(^•5)   < 


U« 


[2M 


M- 


,3, a    "    3A+2p,  ^ii,3^ap^ 


33       2\i   '      a3,5  33, a        3A+2ix     ££,a 


i:   [M 


+  M 


-   M 


M, 


,ap        2^l   '    3a,p  3P,a  ap ,  3        3A+2m.     .g.e,3ap 


^   [M 


,3a        2^L   '33, a        3A+2m.     iJl,a' 
',33  ^  2[I  ^^33,3  "  3A+2fI  ^H,3^ 
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The  statement  of  the  theorem  about  the  derivatives  of 
M.  .  in  ap  and  b^  is  seen  to  be  true  from  (4.4).   Substituting 
(4.4)  into  (4.5),  the  statement  of  the  theorem  about  the 
derivatives  of  U   in  ap  and  bp  is  seen  to  be  true.   The  state 


ment  of  the  theorem  about  the  derivatives  of 


Lp  and  bp 


follow  using  the  definition  of  S . .  and  the  statement  of  the 

theorem  about  the  derivatives  of  M. . . 

1 J 

Differentiating  (4.4)  and  (4.5)  with  respect  to  0-,  and  6^, 
the  statement  of  the  theorem  is  obtained  for  those  derivatives 


of  M.  .  and  U   in  a^  and  b^  in  which  not  all  differentiations 


are  with  respect  to  6    .      The  statement  about  the  rest  of  the 
derivatives  of  M.  .  and  U   in  a^  and  b^  follow  from  the  preceding 
and 


(^.6)  ^  U 


33,33 

3 
,333 

ap,33 


■V,P3^^a,3 


-%,a3^^3,3   i 


>:T2^  ^^3,33 


J 


AU' 


from  (4.4) 


,733 


^U^k33&a^+^^(u",^53 


,a33' 


.333  ~  2n 


[2M 


M. 


a3,33   33, a3   3A+2i_l  ''££,a3 


from  (4.3) 


]   from  (4.5) 


The  statement  of  the  theorem  about  the  derivatives  of  Q 
in  a.,  and  b^  follow  again  from  the  definition  of  S.  .  and  from 
the  statement  about  the  derivatives  of  M. .  in  a^  and  b, . 
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The  statement  of  the  theorem  is  proved  for  functions  in 
a^i  and  h^.    exactly  as  for  those  in  a^  and  b^,  etc. 


5.  The  parameters  used  in  making  estimates,  miscellaneous  notation 
and  results. 

After  picking  any  point  on  the  middle  undeformed  surface 

away  from  the  edge,  the  X-axes  can  be  introduced  so  that  the 

chosen  point  will  be  at  the  origin  and  the  equation  of  the  middle 

andeformed  surface  will  have  the  form  x^  =  f(x-,,X2)  in  some 

neighborhood  of  the  origin  with  f(0,0)  -  0  and  °^{'^''^'    ^   0. 

After  an  appropriate  rigid  transformation  of  the  deformed  shell 

(moving  surface  tractions  and  body  forces  with  the  deformed  shell). 

Su.    Su . 
one  also  has  u. (0,0,0)  =  0,  and  -r— i  =  -r— ^  at  x  =  (0,0,0)  . 


Jx 

J     1 

Let  0  ~  ^ci   ^'^^   ^^^   remainder  of  the  paper  and  choose  D 
so  that  it  is  less  than  or  equal  the  distance  from  the  X^-axis 
to  the  boundary  of  the  middle  undeformed  surface  and  so  that 
det(g^.)  ^i  for  ^1   +  ^2-   -^^  (observe  that  det(g^.)  =  1  at 
the  origin) . 

Choose  R  so  that  [f^^^l  <  i  ,  \f ^^^^\    1 -^   ,  etc.  for 

2     2     2 
0-,  +  0p  j^  D  and  for  as  high  an  order  of  derivatives  as  needed 


in  the  following. 

Restrict  h  so  that  C  >  ^  for  |0  |  <h   and  ^^  +  ^o  -  ^^' 
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Consider  shell  thicknesses,  surface  tractions,  body 
forces,  and  displacements  which  satisfy  the  equilibrium  equations 
of  the  shell  theory  such  that 

,2 


(5.1) 


^  <  e 
D  -  ^0 


^V. 


h  < 
R  - 


Y0 


K-.      kp 


Bu. 


l-ijli«o 


^^0      2    2 


D^  and 


1^1 


h  and  k  =  0,1,2, 


up  to  the  highest  order  required  in  the 


following  where  Y  is  Young's  modulus  and 


is  a  constant  which 


satisfies  0  <  0^  <  1,  which  is  small  enough  for  the  following  to  be 
valid,  and  which  depends  only  on  the  strain  energy  W  and  n. 
Let  6   =  max(Yr  ,   y  ■^   ,  ye    )    so  that  6  is  a  function  of 


the  arguments  =r  ,  ^ 


For  Y^  3ind  ^   fixed. 


and 


are  non- 


decreasing  as  e  increases.   Let  e  be  the  smallest  number  such  that 
^  -g-  e  ,   le,  ,  I  <  e 


^u. 


^ 


I  ^10  I 


X 


.^7.3 


(5.2)  < 


a^F^ 


Ye^ 


he^^he^^ 


S^(Q^.  +  Q^  ) 


,k+l 


Ye 

,k+l^k  ^ 
0 


k.   k 


,k+2 


Ye 
,k+2,  k  ^ 


k,   k^  k-. 


Ye 


k+l 


^k+l  k+l  e  if  k^  is  even  and  i  ^  3 . 

0  or  k^  is  odd  and  i  =  3 

Y0k+2 

,k+g,k-fl  e  if  k^  =  0  aiid  i  =  3 


Ye" 


otherwise 


V 
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where  k  =  0,1,2,.,.  up  to  the  highest  order  required  In  the 
following. 

Prom  (5.1)  It  follows  that  Ve"  <  ©q  and  hence  ©  <  ©q. 

©0 
Let  d  =  Q^  h.   Then  listing  some  results 


(5-3) 


i^-^0 


©  < 


e  <  e2  <  hi 
h  <  d  <  ©qD 


R  -  R 


<  ©^e 


©n© 


From  (5.2)  and  the  definition  of 


;;! 


(5.^)  i 


i^ 


k       k 


s^- 


k-|      k^      k-. 


le.jl    <   B 


CPi\) 


b^ 


k       k 


=    ^(^)' 


a^5 


ao^i^o^^ 


=  0i\), 


a^5 


S9    ^^0   ^ao. 


h£    ■ 
,k+l 


0< 


-Stt     if  ^-z,  is   even  and   1  ^  J>,    or 
'  k^  Is  odd  and  1=3 

II2     If  k     =  0  and  1  =   3 


otherwise 


*^  hd' 
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for  k 


0,1,2, 


e?  +  02  1  I^^  ^d  1^3 


to  the  highest  order  needed,  and  for 

1  '  "o  _  -^  ■^^^    I  ^^  I  —  ^'      Here  and  in  the  following,  the 

notation  A  =  (5'(B)  means  A  ^  0  and  B  _>  0  and  there  is  a 

constant  k  depending  at  most  on  n  and  W  such  that  A  _<  kB 

in  the  domain  under  consideration.   The  constant  k  is  allowed 

to  be  dimensional  for  convenience. 

If  the  left  hand  sides  of  inequalities  (5'1)  are  much 

less  than  the  right  hand  sides,  then  j/  e  will  be  much  less 

than  0_  and  6   will  be  much  less  than  6    .      Hence  both  e  and 

-T  will  be  small.   Estimates  for  various  quantities  will  be 

given  in  terms  of  e,  h,  and  d. 
Su, 


Let  p. J  = 


_  t^  .  so  that  q.  . 


t .  .  +  p  .  . . 


Let 


E .  ,  T .  ,  Z .  ,  and  P  .  be  0-components  of  pseudo-tensors  whose 


X-components  are  e 


ij 


ij 


z.  .,  and  p.  .  respectively.   Also 


let  R.  .  =  E  . 


^Ij 


Then  using  the  contraction  principal  for  pseudo-tensors. 


(5.5) 


=  ^(u^L.  +  uJ^  +  ujV|,) 


(u^l    .u   |^.ujV|.-u^^.-u^   .) 


2'-     'J 


s„    =   E^E"? 
2  J    1 


^3  ~  ^j^k^i 


]^  5^   +  2  1^  E^+3  ^  EfE^ 

Sn  J  OS„  J 


K'^i '  ^^"j  *  ^j 


^  "K'J 


=^^^1J   ^  ^j 


=  u'kT'; 


"j    =  "J   "   ^'j 


v 


Slj  = 


IJ 


^\k5ij 
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2^iR 


ij 


From  the  definition  of  z. .,  one  has 


ij 


"5^J 


"6«1J  +  "T-^ik^kJ 


where  W^- ,  Wa,  and  W^  depend  only  on  s-,,  s^,  and  s^,  and  W^- 
is  quadratic  in  the  e,  »  while  W/-  is  linear  in  the  e,  „.      Hence 


ki' 


Wc-5^  +  W^E^  +  W„E,-^E^ 


and,  In  view  of  s.  as  given  In  (5-5),  it  follows  that  Z,    is 

k  k 

quadratic  in  the  E.  with  coefficients  depending  on  the  E.. 

When  the  |  E^  |  are  small  enough,  the  equations  for  the  T"^ 

can  be  inverted  giving  E^  as  a  function  which  is  linear  in 

k  k  i 

the  T.  with  coefficients  depending  on  the  T..   Therefore  Z. 

is  also  quadratic  in  the  T.  with  coefficients  depending  on 

the  T.  if  the  IE"":]  are  small  enough. 

For  i  =  0,1,2,...  let  G.  denote  any  function  of  0,, 

such  that 


'2'  S 


r 


(5.6) 


|G 


.'  ■  -(¥) 


V_ 


,\ 


=  O 


Ic+i 


for  k  =  0,1,2,...  to  the  highest  order  needed  and  for 
in  the  domain  being  considered. 
Then  from  (5 .3) 
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(5.7) 


G,G  .  =  G,^ . 


Gq  and  e  G^  =  G^  for  |0 


dG. 

I  <  h  . 


For  0^  +  0|  <  d^  If^J  =  IV,ap(^1^^2n  =  ^^F^  =  ^^V^ 
from  (5.3).   Treating  the  higher  derivatives  in  a  similar 

Using  (5.7)  and  r  =  {e^,e^,f) 


manner,  it  is  seen  that  f   =  G„ 


it  follows  that 


;^  =  (1,0, Gq) 


g2  =  (0,1, Gq) 


;^Xg2  =  (Go^Gq,1) 


riXg2l  =  1  +  Gq 

%  =  (^o'^o'1-^^o^ 


^-  ^^ij^^d 


(^j^  =  (^j^"'=  (^iJ^S) 


SaR  =  ^nR  +  Gn  (remember  g„,  =  0  , 


"ap    ap   "0 


a3 


'33 


1) 


(g"^)  =  (g„p)-'=  (^p-^G,) 


and  therefore 


(5.8)   aj-BJ  .  AJ-5J  ,  g„p-  5^p  ,  and  g°P  -  6^p  are  all  G^  . 
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Also 


^ap   =  S3  •  gc,,p   =  G-L 


^S  -  g"^^..  =  a 


rP 


>ap,7        ^1 


'7^1    0-7^/ 


+     Sr 


'  ap    2  ^    P7,a   ^ay,^    "^apjr      1  * 
Consequently 

(5.9)  b^p  ;   b^  ;   g^p    ;   and  p'   are  all  G^  . 

From  these 

(5.10)  C  =  1+Gq  ,  Bp  =  ^ap+^^O  (remember  B^  =  B^  =  0  ,  B^  =  1) 


If  A  denotes  any  set  of  functions  of  0-,,0p,0-,,  then 
s 


H,  (A)  is  used  to  denote  any  sum  of  terms  of  the  sort 


{£   =  0,l,2,...,k)  where  a  is  in  A.   Also  J,  (A) 


Is  used  to  denote  any  sum  of  terms  of  the  sort 
{£   =   0,1,2, . . .,k) .   Then 


k-i    i,   ^^   i^ 


1  "^2  "^3 

rHk(A)  =  H^^^(A)  ,  J^j,(A)  =  J^^^(A)  ,  ^Hj^(A)  =  J^^^(A) 
(5. II)?" 

GqHj^(A)  =  Hj^(A)  ,  GqJj^(A)  =  Jj^(A) 
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If  A  denotes  any  set  of  functions  of  9^,6^,9^,    let 


a'  denote  the  set  of  all  functions  a  .  where  a  is  in  A. 
Similarly  A  denotes  the  set  of  functions  a  „;  A  denotes  the 


■  (k) 

a  . .  for  a  in  A,  etc.   The  notation  A^  '  will  denote  A  with 
>  -'-J 

k  dots,  and  A'^  '  will  denote  A  with  k  primes.   If  A  denotes  a 
single  function,  A  will  also  be  used  to  denote  the  set  con- 
sisting of  the  one  function.   Then  A,  A*,  etc.  have  the  above 
meaning.   The  notation  A  -^    denotes  the  set  of  all  functions 
a  -2    and  A  ^  denotes  the  set  of  all  functions  a  -, ,  etc., 
where  a  is  in  A. 

Let  A,B,  and  C  be  sets  of  functions  of  9    ,9^,9    . 

AB  is  used  to  denote  the  set  of  all  functions  ab  where  a 
is  in  A  and  b  is  in  B.   Similarly  the  product  of  more  than  two 
sets  is  defined. 

Notation  such  as 


A  =  BB  + 


BHj^(C)  +  Jj^(B)H^(C) 


means  each  function  of  A  is  a  linear  combination  of  functions 
from  the  set  BB '  (with  constant  coefficients  depending  at  most 
on  n  and  W)  plus  a  linear  combination  of  functions  from  B  (with 
coefficients  of  type  H,  (C))  plus  a  linear  combination  of  functions 
of  type  Jj^(B)H  (C)  (with  constant  coefficients  depending  at 
most  on  n  and  W) . 
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Similarly  if  a  is  a  function,  the  notation 


a  =  BB'  +  BHj^(C)  +  Jj^(B)H^(C) 


means  a  is  a  linear  combination  of  the  same  type  mentioned 
above . 

Now  let  U,L,M,E,T,P,Q,R,S,V,F,  and  Q  be  the  sets  of  all 
U\  L,j.  M,j,  EJ,  TJ,  pij,  qIj,  E,j,  S,j,  V,,  P\  and  Q^ 
respectively. 

From  (1.7), 

U^lj  =  (U\i,+  rjkU')BJ  =u\.+G,U+GoU'  =u\j  +  J^(U) 
using  (5-9),  (5.10),  and  (5.II).   Also 

ujJ  =gikg''uN,  =ui,j  +  Ji(u) 


using  (5.8),  (5.11),  and  g^^  =  g^^   =   0,  g^^  =  g^^ 

With  these  and  (5.5)  one  has 

^  ,  ,     ,  2 

R  =  J^(U)  +  U  U   +  U  J^(U)  +  J^(U) 

T  =  M  +  R  +  Z 


(5.12)  < 


P  =  U  T  +  TJ^(U) 

S  =  R  +  Z  +  P 

Q  =  M  +  S=T  +  P 
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Prom  15. h)    and  (5.3) 


(5-13) 


I 


«k(p>  =  <^(-^) 


W 


J,(F) 


Jk(«)  =  Hpi) 


Frequent  use  will  be  made  of  the  following  functions.   Let 

.2  ,  ^2 


/:,  =  ^2  =  ^3  =  (l  -  ^^  j   for  /e^ 


2  - 


(5.1M  A 


72 


for 


ysf 


'2--^ 


Where  k  =  4,5,6, .. . 


0  otherwise  (k  =  1,2,3,...) 


Then  Ci,  aJ^d  its  first  derivatives  are  continuous  everywhere. 


Then 


^  will  be  used  to  denote  any  one  C,. 

Let  A  be  any  finite  set  of  functions  of  0, ,0p,( 
I  a]   will  denote  the  sum  of  the  squares  of  all  functions  in  A 
with  |a|  ^0,  and  |a|,  will  denote  the  Integral  of  |a|   over 
the  region  where  ^,  ^^  0  and  1 0^  ]  _<  h  (IaL  _>  O).   The  subscript 
o^  i^lk  ^^   omitted  if  the  range  of  integration  is  clear  from 
the  context  or  if  all  values  of  k  are  permitted. 
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Easily  established  results  for  the  functions  ^,     are 

Id  1 1 

Icl  =  ci^vz)  =  e(^) 
(5.15)    1    \l\  =  e{^) 

d 


for  k  =  3,4,5,  .  . . 


If  a,  b,  and  c  are  any  positive  functions,  the  notation 

a  =  e{h)    +   o(c) 

will  mean  that  for  each  k  >  0  there  is  a  constant  "k  >  0 
depending  only  on  k,  W,  and  n  such  that 

a  ^  kb  +  kc  . 

Frequent  use  will  be  made  of  the  relations 

|AB|  =  0{\A\)    +   o(|bI) 

[ABll  =  C-(llAlI)  +  a(||B||) 

where  A  and  B  are  finite  sets  of  functions. 
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Let  A,  =  max||C|^^a||,  where  the  maximum  is  taken  over  all 
functions  a  In  a,  .  Let  B,  =  max||Cj^t)|L  where  the  maximum  Is 
taken  over  all  functions  b  In  b,  .   Here  k  =  1,2,3,...  . 


6.  An  estimate  for  the  Lo  norms  of  V.  and  its  derivatives. 

In  this  section  the  following  is  established  for  k  >  0. 


Ik 


b'V, 


1      O      X 


=  o 


^   +  IICM 


(k+1) 


Iks '(^+1)11  +  lkJi,+,(Q)i 


6.1  <lf  k^   =  0,    or   If  k-,    is   even  and   1   7<^  3,    or   if  k^    is   odd 
and   1=3. 


llCV'^^hl  =    O 


:ik+l.. 


^.|kM<^-^)||.     I         I        Et^T, 


yhd 
lies '(^^^)  II  +  ||CJi.,,(Q)|I 


a,p  k^,k2        he^^-de^^-do^ 


k+1 


All  integrations  are  over  the  region  where  ^   ^  0   and  j  6,  |  <_   h. 
To  establish  these,  use  is  made  of  the  expansions  in  terms 
of  Legendre  polynomials  of  the  various  functions. 
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If  g(0^,02,9  )  is  defined  for  |9  |  <  h,  let 
S(k)  "  ~2 


^^-^^  J  g{Q^,0^,Q^)    P^(^)d(^)  where 


■1 

P,  (x)  =  -^i — 7-    (x  -  1)   is  the  kth  Legendre  polynomial, 

^      2^k!   dx^ 

Then  from  (2.8) 

-h  ^3  "" 

for  k  =  0,1,2, . . .,n.  ' 


Since  P,,(+l)  =  +1  and  Pi,(-1)  =  (-1)  ,  this  becomes 


k'  '"'  -  .-  -...X  .^v 


2h 
2k+l 


L   J         J(k)    L   5     J9.=h 


(k)  ^3 


(.1)^+1  ^(Qa_^_  Qa)c 


v-^ 


for  k  =  0,1, . . .,n. 

Since  the  right  hand  side  does  not  change  as  k  increases 
by  two's,  one  obtains 

[(qO^.IJ  +  I^)cl     =  1^  [(Q^.H'  +  ^)c]  if  k+n  is  even 

L   J         J(k)    2n+l  L   J         J(n) 

(k=  0,1, . ..,n), 

["(Q^  1^"  +  I^)cl    =  ^^^    [(Q*^  J-^  +  I^)c]     if  k+n  is  odd 
L   j         J(k)   2n-l  L   J         J(n-l) 

(k=0,l,...,n) 
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Hence 


^[(q"j|J+f")c],„p,(^)  =  ^[(q°j|J+p")c],„)^(2r+i)p,(^) 

:=0  k=0 

k+n  even 


k=0 
k+n  odd 


From  the  Identity 


(2k+  l)Pj^(x)  =  \+ii^)  -  P]^.iM    >      k>l 


one  has 


I  (2k  +  l)P^(^)  =P,,i(t?)  , 


k=0 

k+n  even 


i  (2^*i)^/-i^  =  p;(^) . 


k=0 
k+n  odd 


Hence 
n 


e-. 

k=0 
(6.2) 


2^[(q^i^Vf^)cJ(,)P,(:?) 


=   I   2i^[(^"ji''-^")^](k)\+i(^) 


k=n-l 
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Similarly 
n+1 


I   [(Q^-l^'-F")c](K)Vi?) 


(6.3 


k=0 


n+1 


k=n 


From  (1.8),  (5-9),  and  (5.10) 


I    aTr[<e'jl^+p''c](k)Pi;+i(T?> 


(6.4) 


^^•1^ 


=  (^^,K^r;y..n>^)B^j.Q^.^..a,.^,Q 


=  Q  j^j4-H^(Q)  , 


C(Q^j|'^'-  Q^j.^j)  =  (1  +  Gq)H^(Q)  =  H^(Q) 
CQ^jH'  =  (l+S)Qij^j  +  H^(Q)  =  Q^,j  +  Ji(Q) 

=  V^+  S'  +  J^(Q) 


Considering  V.  as  a  function  of  displacements,  it  is  seen 

that  V  is  an  nth  degree  polynomial  in  0^  and  V^  is  an  (n+l)st 
ex  p      P 

degree  polynomial.   Hence 
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—  e  — 

^a=     Z^a(k)^lc(Tf)    =     Z.'«"j,J-2aJ,j'(K)Pk(Tr) 'from  the 


k=0  k=0 


ieflnitions   of  S . .    and  V. ) 

1 J  1 


^[CQ°'^.|J  +  J^(Q)+  S'](j^)P^(^)    from    (6.^) 


k=0 
—  0 


i       2FnPk+l(^)[(Q°^jl'+F")C](^)    from    (6.2) 


k=n-l 


2^[-F%Ho(F)  +  J^(Q)+s'](^jP^(-jf) 


k=0 


+       i       2FfTPk+l(TfHVa-^S    +J^(Q)+F°'+Ho(F)](j^) 
k=n-l 

from    (6.4) 


For   k   =   n-  1,    n 


^a(k)    =   f%,p+^'(u",33+U^,3a^](k)^^^°'"  *^^   definitions   of   M^    ) 


(^ap,p  +  ^U^,3a)(k) 


since  U  ^^^  is  an  (n-2)nd  degree  polynomial  in  6^  if  n  >  2 
and  is  zero  if  n  =  1. 
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Hence 

n 


^a=  I  [-''"  +  Jo<P'^Ji(«)+s'),^,P^(t1) 


k=0 
(6.5) 


k=n-l 
+  J^(Q)  +f"+Jq(F)](^^ 


Similarly 
n+1 


V3  =  ^  [-^+Hq(f)  +  j^(q)+s'](^)P^(^) 


k=0 

n+1 


h    2FrTPk+l(4)[V3+^'+Jl(^^+^  +  ^o(^)](k) 
k=n 


For  k  =  n,  n+1 
since  U^  g^  and  U  ^^  are  both  (n-l)st  degree  polynomials  in 


K.      Hence 


n+1 


Vj  =  I     [-F^  +  Jo(P)  +  J,(Q)  +  s'],yP,(4) 

1+1  Q 

^  2F;TPk+l(-Tf)[^3P,p-'^'+'^l(^^-'^^Jo(^)^k) 


k=0 
(6.6) 


k=n 
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Lemma  (6.7):   Let  A  and  B  be  finite  sets  of  functions 
(the  number  depending  only  on  n)  such  that 


^=11    ^(k)Pk(Tf) 


1  k=0 

for  every  function  a  in  A  where  each  b^  Is  In  B,  Pj^  Is  a  kth 
degree  polynomial  whose  coefficients  depend  only  on  n,  and  m 
depends  only  on  n.   Then 

llAll  =  oiM) 


a^A 


^e  ^he  ^he  ^ 


O 


a^B 
be  ^be  ^be  ^1 


for  all  k  for  which  the  derivatives  are  continuous, 


From  Bessel's  inequality 
.  m 


iar  =  O 


l(k) 


1      k=0 


41/  "^^'^'J 


1  -1 


so   that 


h  , n 

-h  \  1     -h 


,    and 


|af   =    ^(llBf)     . 


Hence    ||a1|   =    e>{\\B\\. 
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9 


'■l.a^kjPk'-l''    then    \\aJ=    <5(1b_J|) 


1      k=0 
from  the  previous    argument. 

Next   observe   that   for  k   >_  1 

Inn 


-1  -1 

h  0  0 


n^^   ^^i,3^(k-l)    "   2k+3    ^^i,3^k+l) 


since    (2k+l)P^(x)    =  Pk+l^""^  "  ^k-l^""^    ^"^"^  ^+1^"^^  "  ^k-l^-^^    =  °' 
But 

m 


,J=eI       I     ^(k)PR<4) 


i     k=l 

=  1     L    ^2F:T(^i,3^k-i)   -  2FP5(^i,3^k+i)^Pk(-F^    • 

i     k=l 

Then    |1a  ^  ||  =    <5(I1b  ^I|  by  the   argument  used   in  the   first 
part   of  the   lemma.      The   differentiations   can  be   repeated   to 
obtain   the   lemma. 

From    (6.5)>    (6.6),    and   the   lemma 


kl 


(6.7) 


S0^^B02^03    I' 


+    11^      k         k         k 


^— TT      k       k 
a0^a02^03^ 


O0-,      O0p    oS^z' 


a'V, 


k^^     k^     kT 

O0-|      O0p     O0-2 


+  lies '(^^^^11+  |k\+i(Q)ll+  II  Jk(F) 


a0^^a02^^0/ 


S0 


k.   kp  k., 

-|   000  O0-Z 


^  +  lies '(^+^)  I  +  j|CJi,^i(Q)|l  +  ||CJi,(F) 


If  k^  =  0 


aV 


,(k+l) 


k  ^    '^l    I  =  <?[|ICM^^^^M|]  from  (4.1) 
and  (6.1)  follows  from  (6.?)  for  k  =  0  using  (5.4)  and  (5.13) 


If  k  =  1,  Theorem  (4.1)  gives 


K^^   k^ 

O0-J   O0p  00^:, 


f^   k   k  

I  a0^^a02'^B0^ 


^(k) 


e[|kM^^-'"Ml  +  ^    ll^^p^;^!!  ^  llcv 


^(k) 


(^'[ncM^^-'^^ii  +  iicv^^^i] 


Thus  (6.1)  follows  for  k^  =  1  from  (6.?)  using  (6.1)  for  the 
case  k,  =  0. 
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For  k^  =  2,  Theorem  (4.1)  gives 


O0-|   O0p  O0^ 


^[llCM^^^^hl  +  icv^^^ll  +  jlcv^^-^^ 


Thus  (6.1)  follows  for  k^  =  2  from  (6.7)  using  (6.1) 


.1)  for  the 


cases  k^  =  0,1 


-Dii 


Proceeding  in  this  manner  (6.1)  is  proved  for  all  k^ . 


7.  Lp  estimates  for  functions  in  the  set  M^   . 
For  k  _>  3  the  following  is  established: 

IIV''-" II  =  of  ife  .  IICk«"-''i  +^llM"-"llk  +  IM'"' 

c   d  d 

*  lM'"^-^'ll 
(7.:)   +-H[|ICKHk-i'e'll  +  llCkP'^'^'ll  +  IMk-i'f'll  +  licA-i<T)ll] 
/l/i"fc^H.<«)"'^"'h//|/i"fWK<«)"'^-^'|] 
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where  all  integrations  are  over  the  region  where  t^.     ^  0   and 
\Q^\    <   h. 

Using  the  divergence  theorem, 

III  ^^^«V\j  =  -III  [?^(=«'j.o-=.J«'j'"'-  U^.a^sVl 

Prom  (2.8) 
rr    2   i  i  ^1=*> 


Thus 


=  JJJUl^^^^^+  (Q^u^)^3]  +  C^[Hi(q)  +  Hq(f)  + J^(Q)]U 


'k  0^ 


CvJn(Q)U  '-  (Ck),a^Q^aU^^   ^"^0"^  (6. 4)  and  (5-10) 


i^4 


By  exactly  the  same  argument 
?k(C«'j',a^a2...Vl"'.J»l°2---°k-l 


+  (e\a^a2...a^./,a^ag...a^.,>,jl 


-  (?k',a(cO,a^a2...a^.,"\aiC2...a^.l  ^1 
,  ,(  1^  ,l_^  .  IV  bLi  -  4  B^  A^)  using  (5.1J)  and  (5.4) 


1*5 


Next 


^^l\a^^^\\a^a^...a^_^''\a^a^...a^J 


2      i  1 


(Q),a(=0.pa^a2...a^.2'2I'ip-"^l',a^ 


12 k-2  '^^1^2 k-2 


=  0[||C^Hj^_^(Q)f +||Cj^m(^-2)||2 


[fll  ^^lKa^'^\K,a^a^...a^_f,la^a^...^J-   ^^4^ 


using  the  fact  that  L. .  is  a  linear  combination  of  the  M,  . . 

Since  Q^^  =  T^  +  P^^  =  ^a^  +  P^  "  P/  =  q\  +  Hq(Q)  +  P  +  Hq(P) 
from  (5.8),  then  CQ^^  =  CQ*^^  +  Hq(Q)  +  P  +  Hq(P)  using  (5.IO). 
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Thus 


t?K),a(CQ^a),Pa.^a3...o.^^./,l.^a^...a,_, 


-<^^),.(«^"i),,a,a,...a,./,,a,.,...a,,j| 


k-2 


+  o[  \  ik,u'"^-i'f: 


Using    (2.8)    and    (6.4)    again 


■Pi    3 


+    (C^),a[(Ce°)_/]_,-(c2)_^^(CQ-^)_pUP] 

+    ^kCkfH2(Q^  +H^(F)  +J2(Q)]U+^j^Ci,Ji(Q)u' 


(^k),a,(CQ",),,"^ 
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By  the  same  argument 


/  /  /  (  C  ^ )   ( CQ,"^  )  U^ 

JJJ    ^kSa^    i  ,^a^a^.  .  .a^_^        ^la^ag.-.a^ 


+   (0° 


2-.-^_2 
)  .] 


+  Ci^^H^CQ)  +H^_^(P)  +  Ji^(Q)]U^^-2^Ci,CkJk-l(^)U'^^-^^ 


^^k',a7  ^  7  ,Pa^a2.  .  .a^_2  ,a-^a^.  .  .a^_2  ) 


But 


/^2x   /pa 


l""-5)||2]   ^,31^  (5.4) 


t?(^  )  -  "[  ^  iiv"=-'>ii=^: 
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Thus 


yKfia^a^...a^J,a^a^...a^j\\ 


<«K),a,(CQ' 


+  o(  \    Ik.MO^-J'f +i4  b2_^  +  4  Bk-s'  "'^I'^e  (S-M  and 


Next 


<?K),a,(CQ^),pa,a^...„^_/,„^,^..., 


k-2l 


(C?)  .JCQ°' J  ,_  ^     ^    U^ 


'k    ,ay      ^  y    ,fia.a^a^.  .  .a^_^      ,a)a^a2.  .  .aj^_^ 


^^k^ay  (CQ  y^PcDQ^a^.  .  .cxj^_^^pa),a^a2.  .  .aj^_^ 


Collecting  results 


Cd  d 

^  T         2  2         h         2 

^   h^    ^2  h^      2        h^i,-        .(k-l)|,2? 


Using  L^  .   =  -1(0^     .  +  U"^    ^)    and   the    symmetry   of   T"^*^ 


i^.U^     .    =    (T^  +  P^.)U^     .    =    (T^"^  + G„T+  P^.)U^     . 


T^-^L^j  +[Hq(T)  +P]U 


[tJ+Hq(T)]L.j  +  [Hq(T)  +P]U 


But 


=  tJl^j  +  [Hq(t)  +p]u 


=    (M.j+R+Z)L.j+  [Hq(T)  +  P]u' 


^ij^ij  "^  (R+  Z)M+  [Hq(T)+  P]U 


^ij^ij    =   ^^kkLii    +    2^LijLij    >    2Ml|2 
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L|2  =  ^(Mij^j)  ■ 


Since  |m|  =  0{\l\),    it  follows  that 


|M|2=  .^(M^.L..: 


=  (^{Q^jU^^j  +  (R+  Z)M+  [Hq(T)  +  P]u'}. 
By  the  same  argument 

l^(k-i)|2  ^  ^r  i_         i  _ 


Since 


(CQ^.)  U^  . 

=  Q^•  a  a    a   U^  .^  ^    ^    +H    (q)u'(^) 


the  above  becomes 
|M(k-l)|2  ^  (f^/(cQ\)  u^  . 

Using  this  with  (7-2),  one  obtains  (7.1). 
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!.    Lp   estimates   for   functions    In  a,     and  b,  (k  =   2,3) 


P  ?  2 

Consider   the   range   0-.    +  ©o  —  ^    '    I  ^^  I    —^'    ^^'^   -^^^ 


C   =   C- 


h' 


Then 


(8.1)^ 


x^l        =    1 0^1    =     (5(d)    by   choice   of   0 

X3I         =     6^(|0.|max|^I)    =    <5[|0.ImaxIaJ(5^  -©^b^)!] 

=     e(|0^||6^.  +Gq|)    =     <^(h+0Q0d)    =  0(h) 

from    (1.5)    and    (5-8-9) 

Bu.  ,2 

^(|xj|max|^|)    =    e{\  e)    from    (5-4) 

U^l        =    lA^u.l    =     ©(^  e)    from    (5.8) 


"il 


J       J 


^U, 


U^^jl    =     adU^ljl    +    iG^Ul)    =    ^(^  e)    =     ^(0Q0)    from    (5-3) 
E^l        =    JA^afe,     I    =    0(e)    from   (5-4) 


k   J    ki 
J^(U)|  =    |G-^U  +GqU' 

R| 

=  <9(|E|  +  |R|)    =     e{z) 
=     ©(|L|)    =    0(e) 


6>(0Q0  ^  e)    =     0(e) 

d^      2 
=    ©(e   +^e    )    =    ©(e)    from    (5-12) 

h"^ 


=  0(|E|^)    =     ©(e^) 

=  ©(|E|    +    Izl)    =     0(e) 

=  ©(|U'|IT|    +    IT||J^(U)|)    =    ^(0Q0e)),    from    (5.12) 

=  0(|T|+   |P|)    =    0{e) 

=  0(|q|+  |m|)    =     <5(e) 
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From    |m|    =     <S'(e)    and   the   appendix 


II  CM  II 


0(i||M|I)    +   o(d|ICM|l)    =     Oie  V^)    +   o(dA^) 


iM^^j       =     <S(|) 


iCM   Jl    =     0{^) 


',3 


/h 
ed 


II^M'll      =     a(^^)    +  o(dA.) 


IkMii 


^(-^INII)    +   o(|lCM||)    =     0{-^)    +   o{A^) 


^)    + 


(8.2)  <; 


IICM^^IJ   =     e^(-^)    since    |CM^^|    =     e(^) 

JkM'Jl      =     <5(^-)    +   a(A    ) 

ICM^II      =     <9[e(|lcS|l    +\    M)]    =    0[e^{A^    +-4^)] 

-*  d^ 

||CM^3ll  =     e'(^)    since    [M^^j    =     0(f) 

ICM'^l   =     0(0%   +-^) 


If  A  and  B  are  sets  of  functions,  the  notation  A  Coef(B) 
will  be  used  to  denote  a  linear  combination  of  the  functions 
from  A  with  coefficients  depending  on  the  functions  in  B  and 
on  W.   Then  since  JEJ  =  (3(0^)  from  (8.1),  Z"^  is  a  quadratic 
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k  k 

function  of  the  T  with  coefficients  depending  on  the  T   and  W 

for  9      small  enough  (see  the  discussion  in  section  5).   Thus 


!  Z  =  T   Coef(T) 

;  Z'  =  TT'  Coef(T) 

(8.3)^  Z"  -  (TT"  +  T'^)  Coef(T) 

I  z"'  =  (TT"'+  T't"  +  T'^)  Coef(T) 

:  Z  ^  (TT    +  T  T"   +  T    +  T   T 


)  Ccof(T},  ^t;o. 


Next 


IZ'I  =  ^(|T||T'l)  -  C-(:r!-.-|.  :- 
|U" I  =  e(|M'|)  from  (^.2) 


£^(0Q0|M 


R'    =  J2(U)  +U'u"  +  u"j^(U)  +  U'J2(U)  +  J^(U)J2(U)  from  (5-1'^) 

IR'I  =  6'(eoe|M'l  +|) 

|T'  I  =  e(  |m'  I  +  iR'l  +  |Z'|  )  from  (5.12) 


6--(|M'|  +  I  + 


(8.4) 


|t'|  =  ©(|m'|  +-|)  for  0   small  enough 

|Z'|  =  e(0^|M'|  +  ■^)  from  above 

"1  |Tl   =  e(|M|  +  IR'I  +  |Z'|) 

=  0(|M|  +  0Q0|M'|  +|) 

|P|   =  ^[ |U'| iTl  +  1U"| |T|  +  |T| |jp(U)l  +  |T| |J,(U)|]  from 

(5  12) 

=  C(0Q0lM|  +  0^|M'|  +  %) 

IP'I  =  e>(0„0|M'I  +^) 

I  |S  I  =  C){\r'\    +    |Z'|  +  |P'|)  from  (5-12) 


=  (S)(0Q0|M'|  +  |) 


iQl 


Oi  |M|  +|S' I)  from  (5.12) 


=  0{\U\    + 


|m' 


ilQ'l  =  exiM-l  +  |s'l) 


^ 


=  (5(lM'|  +  4) 
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Using    (8.2)    and    (8.4) 


IICU"  II  =    (f^dCM'IJ)    -     0{-^)    +   a(A    ) 


IICTI 
llCPl 


a(e    /H)    +   o(dA^) 


=    (f)(^V^  +  eo^dA^) 


<5(   fh  e  +   %Q<il^^) 


8.5)     -(         ICS'll 

IICQJi  =     (5(e  yh  +  dA^) 


IICQ'l 


0(^^  +   dA, 


||CJi(Q)ll  =   0[eo0(|kQ'||  +^iCQll)] 


From    (6.1) 


=   e)(0oedA3  +^) 


lev!  =   0[e  v^  +  uM  +  ics'il  +  lCJi(Q)ll] 


=  0(e  /h  +  de^OA^)  +  o(dA^)  . 


Then  from  (8.2),  (8.5),  and  (4.1), 

A2  =  ©(llCMii  +  kv|  +  ics'ij) 


(8.6)  S 


=     6{e  V^  +   dA^) 

B2  =  ^dcM'il  +  llcvii  +  Iks' II) 

=     £>(_id_    +    dA,) 


1^ 
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Next 

|Z"|  =     6-(0^|t"|    +    \T'f)fTom    (8.3) 

=    c^-(0^1t"|   +  |m'|^  +  \^)   f^om  (8-^) 

d 
lkz"i  =     O(0^1|CT"1|   +   0%    +^)    f^om    (8.2) 

|u"'|         =   e{\yi"\) 


J3(U) 
|J3(U) 
R" 


I    |R" 

i 

I  IkR" 


(8.7)-j 


IkT" 

Ikz" 

p" 

lp"l 

ikp" 

Iks" 


1^J2(Q) 


kM 


op, 3 


Ikv 


GqU  '"  +   G^U      +   GgU  '    +  G^U 
(f;[e^0(|M"l    +  ^|M'|)    +  -^] 


J^(U)  +  u'u"'+  u 


"2 


U"J2(U)  +  U'"  J^(U)  +  U'J3(U) 


+  J^{\])  +  J-^{\])J^{\])    from    (8.4) 


=    C'[|k(M"    +  R"     +   Z")l] 


I  I  2, 


Gi 


V^i 


for   0^    small    enough 


=     t?(0   B^    + 


4-^) 


=  U't"  +  U"t'  +  U'"  T  +  TJ3(U)  +  T'J2(U)  +  t"  J^(U) 

=    ^(0o0lT'V  lM'|^  +  0^|^f'I   +^  IM'I   +^) 

=     6(0Q0B^    +  ^^) 
=    (:[|k(R"  +Z"  +  P")i] 


^(V^3    "^^) 


ej^^ 


(?[0Q0(|kQ" 


C(0n0B. 


I  ICQ' 


^_i5j 


o(y^  llMli  +  4  ikMi 


0{-^   +i  A 


4/h 


&(- 


0"^3    '       d 
II  +  - 

h  "3 
IkMll 
d 


IICQil)] 


^    lkM^p^33i)    from    (A. 4) 


I  « 


CM^p^3ll+lks"ll  +  lkJ2(Q) 


ci,P 


from    (6.1) 


./h 


h  ^   ^  ^0^^3) 
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3  =  GdkMii  +  }^   llcM„p,3ll  +  Ikv'il  +  llcs"i) 


=  C(-^-  +  4  A^  +  Q^B.)    from  (8.7) 


Hence 


(8.8) 


B.  =  C(-^  +$■   A  ) 
5       ./ll   '^  5 


for  0   small  enough. 

Rewriting  some  results  of  (8.7)  with  the  aid  of  (8.8) 
and  deriving  others 


II  CM"  II 


C{B^) 


c{- 


^/h 


h  ^3 


A.) 


ICR-II  =    (!)(^  +  e^A^) 

kz"ll  =  &(V^  -"^^ 


IkTil 


ICT"1 


|C(M  +  R"  +  Z    ) 


=     0{A^   + 


Oi^A^ 


j/h 


^/H 


(8.9)-) 


p  =  U'T  +  U"T  +U"'  T  +TJ3(U)  +TJ2(U)+  TJ^(U) 

|P|       =    O(0o0|?|+§|M'|^4|M|^  +  ^lM'|+0^l^^'l+^) 
IICPlI    =    Oie^eA^  +^^) 

lies"!  =    oielA^  +^) 
||CH2(T)||  =   0[e^e{UT\\  +^\\CT\\  +^|kT||)] 
.    C(V^+^^) 

lkH2(Q)|l    =      0(VA3  +  ^^^) 


lkH2(P)|| 

lkJ2(Qn 
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By  the  divergence  theorem 

=  0[e^e^(^lkM'II^+  IIC^^'f  +  Icm'H^)]  f  a(|lcQf ) 
^   d 

o 

=  0(^  +  QqAI)  +  o(a|) 
Hence 

C^H^(Q)u|  =  \JfJ  t:^{GQ(^  +  G^Q  +  G2<^+^-^'^^^\ 
2    2 


d      "^  ^    d  ^         d        d 


Similarly 

|j[]J /;CGqQU  I  =  [/y  [CC(g-lU  +  GqU)q  +  (P+cOGqQU] 

d"^  ^ 
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and 


CCH^(Q)U|    =    |]jj    CC(GqQ  +   G^Q   +  G^O   +  G^Q)U| 

p  Q'-  a'- 

=    0{^     +-VllCUi^)    +  a(A2  +    IkQf +  ^||CQf+-\||CQi^) 
d  d  -^  d  d 

d  ^ 

Collecting  terms,    (7.1)    becomes 


=    0{^  +  e^A^)   +  o(A^)    . 


From    (6.1) 

IjCVll 


0[^   +    IkMll    +    l^S"  II    +    |ICJ2(Q) 


^(^  +  ^0^)  +  "(^3)   • 


From    (4.1) 

A3  =  oiuM  +  Ikvi  +  kv^^^ii  +  1CS"||) 

=     Oi^   +   0qA^)    +   o(A^)     . 
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Therefore 


(8.10) 


^(^) 


B  =.     Oi-^-)    from  (8.8) 


A2  =  Oie  V^) 


from  (8.6) 


9.  Lp  estimates  for  functions  in  a^  and  bj^ . 

Let  C  =  C4  in  this  section.   From  (5.15)  C  =  <^(C^C) 

Icl  =   oi^t:^),  and  ici   =  Oi^K^)- 


Let 


(9.1) 


M-^  =  max  ^  1 M I  and  M2  =  max  Cl  M '  | 


Then 
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(9.2) 


C|T| 

CiT'l 

IIC3TII 


IIC3T" 


0(M2   +  |) 


from    (8.4) 


Oi^) 


0(-^) 


>     from    (8.9) 


IIC^M^II       .    0(^^) 


Ik^M'^ll     =     Ci^) 


IICjT^II 


O(^i^) 


from    (8.2) 


^  from    (8.4) 


1|C3T'2||     .     ^(B^) 
!J^(U) I      =     Oie)    from   (8.1) 
kJ2(U)|    =     Oie^GM^   +  -|)    from    (8.4) 
||C3J3(U)||  =    0(-^)    from    (8.?)    . 
From    (8.3) 

Ikz"'  II    =     (?(0^||CT'"||    +    iCT'T"  II   +    II^T'^ 
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and 


But 

iCT'T"!   =     a(||CT'C3T"!)    =    0[{U^   +|)||C3T"||] 

=.     Oi^-U^   +^^)    from    (9.2) 
/h   ^  d^ 

II^T'^i    =     edlCT'C^T'^l)    =    C[(M2    +  |)||C3T'^1|] 

=     0(^M2   +^^^)    from    (9-2)     . 
d 

This    type   of   reasoning   is   used   repeatedly  to   obtain 
1CZ"1       =    (!)(e^||CT'"|l  +-^M2  +^Y^) 

/h   ^  d^ 

||CJ4(U)||    =    ||C(GqU""+G^U'"  +  G2U"  +G^U'  +  G^U)|| 

=     0[e^G{B^    +iB^    +  \b^)    +  ^-^]    from    (8.1) 

=     (9(e^0B.    +  ■^-^)    from    (8.10) 
u      4  d 

R-M  =  j^(u)  +  U'U""  +  U"U"'  +U"J^(U)  +  U'"  J2(U)  +  U""J^(U) 

+  U'Ji^(U)  +  J2(U)J^(U)  +  J^(U)J2^(U)    from    (8.?) 

||CR'"I1         =     Oie^OB^    +^  +^^^2^ 
d  'fn 

iCT'"  II        =    ||C(M"'  +R'"  +Z'")  1 

^        d"^  /h  ^  ^ 

||CT"'||        =     <5(B|^    +  -^-^  +  -^Mg)    for  0Q   small   enough 

llcz-ll      =    Cie\  +^M2  +^) 

^  d-^ 

P'"  =  U'T'"  +  U"T"  +U"'T'  +U""T  +TJ^(U)  +  T'J^(U)  +  T"  J2(U; 

+  T'"J^(U) 
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!ICP"'  II      -   Oier^OB,  +  ^^^  +  -^Mp) 
lies '"II       =    |k(R"'  +Z'"  +P'"  )|| 

II  J^CQ)!  =  ^[V(II^Q"'II  +^llCQ"ll  +^IICQ'II  +^lkQll  )] 

^  d  f^ 

llCr  II  =     ©(^^  +  ^A,    +   0„eB,    +  -^M^)    from    (6.1) 

From    (4.1) 

^     d^H    "^    -t/h^ 
and  for  0   small  enough 


Rewriting  some  of  the  previous  results  and  deriving  others 
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lkM'"ii 

IkR-il 
llcz-'il 
IkTii 

IICT'"!! 


=     0(  0"A 


0"4 


||C(M   +   R'"    +   Z'")  II 
d  fh 


=     ^(^A, 


h"4 


+  -^M^) 


d  /H         fh 


U'T    +  U"T    +  U"'  T    +  U""T    +  TJi^(U)+  TJ^(U)  +  TJ2(U) 


IkPll 

lies -11 


lkH3(T) 


IIch3(q; 


IICH^lP) 


IICJ3(Q) 


TJ^(U) 


OOn^A, 


0""4 


I    £   l^h    ^ 


^M,.^M,) 


d^  ^ 


=     (9(^0^4    "  ~^      ■       ^"2 


0[e  edICTll  +  ^|kT||  +^||CT||  +4|CT||) 
"  '^  d"^  d^ 


e(V^-^) 


0( 


)2.  ,    ^  U^  ^   eh/K        ^  sl^ 


^^'•'2  ■"  -T-'"l 


M,  ) 


oK\  -  ^  -  ^M,) 
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Using  the  divergence  theorem, 


///^^" 


%   Q 


fffU^("^'GQ   +U  G^)  +  C  k    U  Gq]  Q 


^[0202(11^   U||2      +   11^   U||2]    +   a(|K   Q||2) 


Since 


IC  uil  =    c9{^  lie.  u'll)     =  ^A  B  )  :.   Oi^) 
^       ^  ^     ^  d  /h 


the  above  becomes 


^C^UG.Q 


^(0202b2   +  M^)    +  a(A2) 


and 


III^\^^^ 


cP(o202b2   +M^   4-^    lie   Ui|2)    +   a(A2+||eQ||2 
^  d^  d2 


+  ^  IKQll^  +4]:  mf  +-^  II^Qil^; 
d  d  d 


^(0202b2  +  2ie    )    +  a(A2) 


'O--  ^4 


using    (9-3) 


d  d 
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Similarly 


CC  Gq  Q  U 


JJf  idiGQ^  +  Gi'u)    +    id   +  C^)GqU]    Q 


^[O^O^dl^  U||2+   1  ||^U||2^   1  IIUii    )]  +  ^(||^Q|l2) 


Since 


•d    II  ^-2"    "    "^  ^d      2 


and 


/h 


the  above  becomes 


fff    ^   k   Gq'q  U  =  65^(^)  4-  a(A2) 


and 


C  C  Hi^(Q)U 


2  2 

d^i^    +  ^  lie  u|l^) 


d       d 


+  a{kl  +   lie  Qll^  +^  IICQII^+^IICQII^+^IICQII^) 
^  d"^       d^       d'' 


C^(^)  +  a(A2) 
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Next 


lie  Mli   =    CP{^  IIC/II)    =   CPi^  A^)   =    0{^^) 
lie  u"'||  =   ^(^  liC^u"'!!)  =   6^(-i  B^)  =C^{-^-)    . 


Collecting  terms  (7-1)  becomes 


C  Mil  =      (-^  +  e^A^  + 


de 


0  ^  'yh  "2  '  h/h^'^i' 


a(Ai^) 


Prom    (6.1)    and   the  above 

II  evil 
II  ev 


kv^^^ll 


^(i_£h   +  q2a      +  _L_  m^   +  -^^  M^  )    +   a(A,  ) 

d'^  ^^v/h^hyT^-^  ^ 


From  Theorem  (4.1) 

\  =  C9{\\Z  *M||  +  llcvll  +  licv^^^ll  +Y_  ll^\. 


j>y 


les 


(-^^  +  O^A,    +  _£-  M^   +  -^^  M,  )    +  a(A,  ) 


=  ^.       ^. 


0"^  '  /h    "^2  •  ^^-r 
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Thus 


(9.4)        < 


CPi 


B,,    =    CP{ 


r  /h   e 

+     ^ 

e 

f-     ^d 

de 


MJ 


2        h  /h  ''1 


d^e 


-/h       h  /h     "^       h"^  -/h 


M^) 


from   (9.3) • 

From   (A. 5) 


§-    kM'l    =    ^(|Km'"1|    +-^  llM'lk    +\   IKM" 
d'^  ^       d"^ 


M. 


6% 


Mj 


9^0 


d/h       h/h^       h^/h^ 
2 


d  >/h         >/h        ^       /h        -^ 


so  that 


(9.5) 


^2=    ^(|+«0^2^«ol^l)     ' 

Mg  =    (:!?(f  +  Qq  "E  ^1^  ^^^  ®0   ^'"^^^   enough, 


Also   from   (A. 5) 


4-    ICMl    =    ^(Ik   Mil    +^   llMlli^  +J^    kM'"||) 

d  d 

d^      ^        d^  "^                       d^          /h        2        ^^      1 

d^          /h        2  ^        1 
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using    (9-5) •      Hence   for  0^   small   enough 


(9.6) 


and   from    (9-4) 


(9.3) 


M^  =  6^(f ) 


d  >/h 


10.   Polntwlse  estimates  for  functions  In  a^^  and  b,  . 


Continuing  to  let  ^  =  ^|^,  (A. 5)  gives 

d  d 


Also 


max    kS'l    =   ^(|)    . 

CJi(Q)l    =  c9[0Q0(max    |CQ'|    +  ^  max    |  CQ I  )  ] 
=    £^(f  +  OqO  max    kQ'l) 

max    kJ3_(Q)|    =    ^(|  +  ©Q0  max    UQ'I)    • 
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From  (6.5)  and  (6.6) 
\(y\    =  (j)[ma.x    |CM|  +  max  |CS'|  +  max  |CJ^(Q)I  +  max  Ip|] 

-  CPi\   +-|  +  OqO  max  ICQ'I)  ; 
max  I  CV I   =   (^  (f  +  Qq®  "'^'^  '  ^^ '  I  ^  • 
From  Theorem  (4.1)  for  a  in  a^, 

ICal  =0(max  |CM|  +  max  |Cv|  +  max  |  CS  '  |  ) 
=  CP(-|  +  6^0  max  kQ'l) 
and  for  b  in  bg 

kb|  =  CPi^  +   ©o^  max  kQ'l)  . 
Therefore 

max  kQ'l  -   ^{f  +  ©0  "^^  '^^''^ 
max  ICQ'I  =  C9(-|)   for  0q  small  enough  , 


so  that 


and 


ICal  =  Oi^)      for  a  in  a^, 
ICbl  -  C?(-|)   for  b  in  bg 
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Hence  for  -/O^  +  Qg  -  ^^^  ^^'^    l^^'  -  ^^ 

|a|  =  ci?(-|)   for  a  In  a^ 
(10.1) 

|b|  =  C^(|)   for  b  in  b. 

Since  Bu./^x.  =  Bu./Sx.  and  a"^  =  A"":  =  S'^  at  the  origin, 
it  follows  that  U^|   =  ba^/hx .   and  U^|   =  U-^"  |  ^  at  the  origin. 
Thus  U^j  =  U^'^  +  J^{U),   L^_.  =  -|(U^^.  +  U^^)  =  U^^.  +  J^(U), 
and  |U'|  =  <:?[  |l|+1  J^(U)  |]  =  C?(e)  at  the  origin. 

By  Taylor's  theorem 


u^p  =  D^pto,o,o)  +  e,u<Jpi(6i,e2,ej 


From  (10.1)  and  the  fact  that  |U'|  =  (9(e)  at  the  origin 


yofTo!  <  4  and  |0^|  <  h  . 
|U\|  =  ^(B)  ^ 


Since  also  |mI  =  (P{e),    |Q|  =  65^(e),   |U'|  =  Oif^  e) , 
it  follows  that 

|a|  =  C9(e)   for  a  in  a^ 


|b|  =  C9(|  e)   for  b  in  b^ 


when  /of+of  <  ^,  l^^l  <  h 


Estimates  can  now  be  obtained  for  the  Lp  norms  of  functions 

in  a.r-   and  b^  and  polntwise  estimates  can  then  be  obtained  for 

5      5 

the  functions  in  a^  and  b^,  the  procedure  being  similar  to 
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the  work  done  in  Sections  9  and  10.   Continuing  in  this 
manner,  pointwlse  estimates  can  be  obtained  for  functions 
in  a,  and  b,  for  k  as  large  as  one  pleases . 

Actually,  the  calculation  of  L^  estimates  for  functions 
in  a,  and  b,  is  easier  for  k  _>  6  since  quantities 
such  as  M^  and  Mp  do  not  need  to  be  introduced  as  in  the 
cases  k  =  ^,5-   The  pointwise  estimates  obtained  are 

|a|  =  (^(^Zi")      fo^  a  in  a^ 

\^\    =    C9( liTp^   f'°^  ^  i^  ^k 

h  d 


(10.2) 


for  k  >  1^  |6^l  ^  h,  and  yO^+Og  small  enough. 
The  value  of  0„  and  the  constants  in  the  order  relations 
(10.2)  depend  of  course  on  the  largest  value  for  k  for 
which  one  wants  (10.2)  to  be  valid. 


11.   Special  comparison  of  the  shell  theory  with  the 

classical  theory,  some  improved  estimates,  and  the 
Importance  of  the  low  degree  terms  in  the  displacements. 

The  comparison  with  the  classical  theory  made  in  this 
section  is  called  special,  because  it  is  valid  under  more 
restrictive  conditions  than  the  comparison  made  in  Section  3, 
The  comparison  is  given  by 
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^^i<f  .\^  +  ^) 


(11. IK 


ao^l  ^0^2  ^Q^3 


if  n-k  -1  >  0,  and 


k.    k„   k^ 


If  n-k  >  0  . 


,  n-k---l 

h\    3   e 


'h' 


.k+l 


h.^-V^   e 


(-) 


,k+l 


V,  n-k-. 
^  d '  ^k+1 


(^) 


,k+l 


if  n  is  odd 
if  n  is  even 


if  n  is  odd 
if  n  is  even 


(11.2)  { 


a^(Q^-  Q^) 


bQ^-^   bO^^ 


^^(q^,-q5] 


0' 


bQ^^    hQ^^ 


0 


0  =+h 


(h^n  _e_    If  n  is  odd 


3  -  ci 


(|)"«^  irnlso< 


(5)"  -%    if  n  is  even 


d'   ^k 


all  of  which  are  valid  for  |0  |  <  h  and  for  yO.  ^-Q^ 
small  enough . 

The  improved  estimates  of  this  section  are 
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(11.3)  < 


aV- 


^0^1  ao^^ 


s^qI 


-  ^^1  7^^ 


k      k 


ao. 


^''t^fi;) 


d 


b^q5 


^,3 


k    k 


C^(5 


,k+l 


The  Importance  of  the  low  degree  terms  in  the  displace- 


ments and  their  derivatives  is  given  by  (11.4) 

9 
Here  U^j^^  is  defined  by  U^  =  YZ  ^[]z]^ir^^- 


r 


(11.4)  < 


^Hkl 


ao.    ao. 


s^u5 


i^ 


ao^i^Og^ 


^ 


^,hvk-l   e 
\-A>  1 


/hNk   e 
^d^ 


-1 


for  k  odd 


(9 


in 


for  k  even 


(■§)^  — "  ^°^  ^  °^^ 


J=T 


/h\k-l   e 

^d^      -jn 


for  k  even 
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If  a  solution  to  the  shell  equations  Is  substituted  Into 
the  equilibrium  equations  (2.3)  of  the  classical  theory,  then 
(11.1)  gives  estimates  for  the  errors  and  those  derivatives 
which  do  not  have  too  many  differentiations  with  respect  to  0  . 
If  the  stresses,  body  forces,  and  their  derivatives  which 
appear  In  (11.1)  are  not  of  lower  order  than  indicated  by 
(10.2),  (11.3),  and  (5-^),  then  (11.1)  is  significant  if  it 
gives  lower  order  results  than  the  aforementioned  estimates. 
Since  Q^.M'  =  Q^  .  +  Hy(Q)  from  (6.4),  it  follows  for 
example  that  when  n  =  5  the  first  estimate  is  significant 
for  k^  =  0,1  and  the  second  estimate  is  significant  for 
k^  =  0,1,2.   For  the  above  cases  the  estimates  are  smaller 
by  a  factor  of  (h/d)^  than  the  estimates  using  (10.2),  (11. 3), 
and  (5.4).   Furthermore, using  this  criterion,  estimates  (11.1) 
are  not  significant  for  any  value  of  k^  when  n  =  1,2. 

Similarly  if  a  solution  to  the  shell  equations  is 
substituted  into  the  boundary  conditions  (2.3)  of  the 
classical  theory  for  9^  =  +  ^^  then  (11.2)  gives  estimates 
for  the  errors  and  their  derivatives.   If  the  stresses, 
surface  tractions,  and  their  derivatives  which  appear  in  (11.2) 
are  not  of  lower  order  than  Indicated  by  (11. 3)  and  (5-4), 
then  (11.2)  is  significant  if  it  gives  lower  order  results 
than  the  aforementioned  estimates.   Thus  (11.2)  is  significant 
for  n  =  3,  the  estimates  being  smaller  by  a  factor  of  (h/d) 
than  those  obtained  using  (11-3)  and  (5-4).   Again  (11.2)  Is 
not  significant,  according  to  this  criterion,  if  n  =  1,2. 
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In  the  exceptional  cases  where  the  stresses,  body  forces, 
surface  tractions,  and  their  derivatives  appearing  In  (11.1-2) 
are  of  lower  order  than  Indicated  by  (10.2),  (11. 3),  and  i^A), 
the  estimates  (11.1-2)  will  still  be  significant  for  n  large 
enough;  however,  barring  these  exceptional  cases,  (11.1-2) 
are  significant  for  n  _>  3- 

From  (11.3)  It  Is  seen  that  the  transverse  shear  stress 
Q^'  and  Its  derivatives  tangent  to  the  middle  surface  are  of 
lower  order  than  has  been  claimed  for  the  other  stresses  and 
their  derivatives  tangent  to  the  middle  surface.   Also  the 
transverse  normal  stress  Q-^  Is  approximately  equal  to  the 
function  which  varies  linearly  between  the  prescribed 
transverse  normal  stresses  at  the  faces,  the  same  result 
being  true  for  the  derivatives  of  the  transverse  normal  stress 
tangent  to  the  middle  surface.   These  results  are  analogous  to 
results  shown  to  be  true  for  solutions  to  the  classical  theory 
when  the  surface  tractions  and  body  forces  are  zero  [see  p.  3,  ft.] 

Finally  (11.4)  shows  that  the  lower  degree  terms  in  the 
displacements  and  their  derivatives  will  dominate  the  higher 
degree  terms. 

To  prove  (11.1)  first  observe  that  Q^ -i  I '^*  "^  ^ j  1  ■*■  H-j_(Q) 
from  (6.4)  and  hence  from  (10.2) 


S^  Q^_|  J 


r   _e 

d 


-3^  If  k^  =  0,  or 

If  1  ?^  3  and  k..  Is  even,  or 


,^/        If  1  =  3  and  k  Is  oddj 


k-,   k„  k  I    -  , 
Bo  -^SQ^ao^-'l         -^  If  1  ?^  3  and  k  Is  odd,  or 


h  d 


If  1  =  3  and  k  Is  even. 
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Using  (5.^)  and  (5. 10)  in  addition  to  the  above 


(11.5: 


A. 


^.« 

e 

hd*^ 

L 

if  k  =  0,  or 

if  i  7^  3  and  k  is  even,  or 

if  i  =  3  and  k  is  odd; 

if  i  7^  3  and  k  is  odd,  or 
if  i  =  3  and  k,  is  even. 


From  Theorem  (3-1)  and  the  mean  value  theorem ;,  one 
obtains 

^  k+n-k-^-l 


a^[(Q^.M+  I^)C] 


k- 


So,-^  ^o^'-  So. 


n-k^-1 
(p<h   -'       max 

I     le3l<h 


5  [(Q",|J'+I^)C] 
J 


ao^^  aog^  Se^"-^ 


if  n-k^-l   >  0,    and 

S^[(Q^^.M'+P^)C] 

=  0<^        ^  max 

k-,        k„        k^ 
ao^l   ^0^2   ^Q^3 

k+n-k^   ^   .   ^ 


^1     ^P    n 


if  n-k_  >  0.   These  are  also  trivially  true  when  n-k_-l  =  0 
and  n-k^  =  0  respectively. 


(1 


Using  (11. '^■)  these  become 


S^[(Q"_.|iF")C] 


,  n-k-,-1 
(^)    5   ^   if  n  is  odd 


)  < 


k   k   k^  I 


if  n-k  -1  >  0,  anc 


^^[{(P.IKf^C] 


-0 


(h)n-k3-2   e 


1     o  ~^ 


n-\:-.   >   0 
:5  - 


-(9 


77 


k+l 


n-k 


^^^ 


3  _L 


,k+l 


if  n  is  even 


if  n  is  odd 


,  n-k-.-l 

hs         3    §_ 


'h' 


,k+l 


if  n  is  even 


Now  let  n  be  odd.   From  (11.6) 

and 

iQ^.n'  +1^1  =  6^[(h)n-l  e^ 

since  C  >  1/2  (see  Section  5).   This  is  the  first  fornrula 
of  (11.1)  when  k  =  0  and  n  is  odd. 
Next  for  n  odd 

[i<f-.\^   +  I^)C]^^  =  {(f-.l^    +   I^)^.C  +  (Q°'j|J  +  ^)    G^. 
Hence  from  (11.6)  and  the  above 

|(Q"jH+i^)^pC|  =.  (pii^)''-^^]    ,    |(Q°'.H'+I^)^^C|  =  0[(^)''"^£^], 
and 

|(Q^.(J  +f^)^pl  =  6^[(|)''-^^],   KQ^'j.n'  +i^)^3ho[(^)"-2-^] 

Proceeding  in  this  manner  the  remainder  of  (11.1)  can  be 
proved. 

Prom  (2.7) 

^        -h 


With  this  and  (11.6),  one  has 
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(11.7) 


h\^''^-~Q'')C] 


So^i^o^^ 


s^[(qY  ^^)c] 


(9< 


{^)^   -^   if  n  is  odd 
a   ^K 


0  =+h 


(^) 


n-1 


d'     ^k 


n+1 


if  n  Is  even 


k   kp 


0 


0  =+h 


f  (|)"""  -17  if  n  is  odd 


{^)^  A-       if  n  is  even 
d   ^k 


Then  (11.2)  follows  from  (11.7)  in  the  same  way  that 
(11.1)  followed  from  (11.6). 

Next  from  (11.2)  and  (5-^) 


b^   Q". 


k^   k 


Cn(h  e  )   fQ^  ^  ^  1,2,... 
d  ^k 


9  =+h 


so  that  from  Taylor's  theorem 


S^  (t- 


hQ^^  -dQ^ 


=  o 


~~k TT     +  h  max 

©3=h     ^ 


3^ 


S9^^  ^9^2 


d 


giving  the  first  part  of  (11.5)- 

Using  (10.2)  and  (5.12),  it  can  be  shown  that 
|pW|.^(h^,.   since  Q^j  =  t1   .  p^^  =  Q /  +  P^j  -  p/ 
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then 


+  G„Q  +  P  +  G^P .   Thus 


.k  ^3 


k,   kp 


^-^  +  H^(Q)  +  P^^^  +  H^(P)  , 


hO^'^    hQ^ 


and  the  second  part  of  (11. 3)  follows. 

The  third  part  of  (11.3)  follows  from  (11.2)  and 
Taylor's  theorem. 


Prom  Q 
and  (5-^), 


3  i3 


i\  ^,    (11.1),  the  second  part  of  (11. 3) 


SH^ 


3,3 


k,   k 


^ 


h   e 


d^k+1 


s^(Q\r+  F^)!"! 


k^   ^kp 


=  ^'^^l  tIpt) 


This  completes  the  proof  of  (11. 3). 

To  obtain  (11.4)  one  simply  observes  that 


B^ui 


[k] 


^^+k  yi 


BO^^  SOg^ 


^1    ^2    k 

So,  So^  Se^ 


and  uses  (10.2)  if  i+k  >  0,  and  |u|   =  6^(-^  e)  if 
i+k  =  0,  i  =  3. 

If  k+i  =  0  and  i  =  a,  (11.4)  follows  from 


lu^'l  =   (^[|e.  I    max   |U«  J]  =  £P(de) 
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Appendix 

Here  are  presented  five  trivial  modifications  of  results 
from  the  appendix  in  [see  p.  3,  ft.],  and  an  easily  proved 
result  for  polynomials . 

Let  A  be  a  finite  set  of  functions  of  9  0  ,0   defined 
in  the  region  where  t,.    ^  0   and  |0  |  ^  h. 
Let  C  =  Ct,  and  A  =  sup  |aI  .   Then 


(A.l)  IICAII    =    C^{\   IIAII    )    +  a(||C   All) 


(A. 2)  llcAll   ^    C9{\   \\k\\^)    +  a(d||^  All) 


(A. 3)  IICA^JI   =    ^[A(|l^  All    +\   llAll^)] 

(A. 4)  Wdj    =    Oij^   IIAII^  +^   lie  All    +1   IkA^^^II) 

(A. 5)        -^    ICAl    -   CPiU  All    +^   llAJIj^  +^   IICA^^^II) 

(Sobolev's  inequality). 


If  in  addition  the  functions  in  A  are  all  polynomials 
in  0^  whose  degree  depends  only  on  n,  then 


(A. 6)  lA^^I  =  (P{^)      for  |0^|  <  h, 
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To  prove  (A. 6),  let  a  be  a  polynomial  in  A  whose 
degree  Is  m  (then  m  depends  on  n) .   Say 

m 


L 


0^  . 


1=0 
Let  a^  be  the  value  of  a  for  9  =  :^  h  (1  =  0, 1,  .  .  .  ,m) 


Then 


ill 

'1  -  I  ^-'i'^' ' 


0,1, . . .,m 


Treating  the  above  as  a  system  of  linear  equations  with 
the  b.  as  unknowns.  It  Is  well  known  that  the  determinant  of 
coefficients  Is  not  zero  so  that  the  b .  are  linear  combinations 
of  the  a . .   Since  the  coefficients  of  the  above  equations 
depend  only  on  m  (and  hence  only  on  n),  each  b.  Is  a  linear 
combination  of  the  a.  with  coefficients  depending  only  on  n. 
Hence 

|b,  1  =  ^(  max  la, I)  =  CP{      max  !a|)  =  CPU), 
0<j<m  ^        l©3l^h 

1  =  0,1, . . .,m. 

But 

r2-        9 

so  that  (A. 6)  is  established. 
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IJ).    Abstract  -  continued  from  page  83 

equations  and  surface  traction  boundary  conditions  of  the  shell 
theory. 

The  shell  theory  Is  compared  with  the  classical  three 
dimensional  theory  by  examining  the  errors  which  result  when 
displacements  satisfying  the  equilibrium  equations  and  surface 
traction  boundary  conditions  of  the  shell  theory  are  substituted 
Into  those  of  the  classical  three  dimensional  theory.   Let  E  , 
E  and  E„  denote  any  error  resulting  from  an  equilibrium  equation, 
a  surface  traction  boundary  condition  at  the  edge,  and  a  surface 
traction  boundary  condition  at  a  face,  respectively,  of  the 
classical  theory.   It  Is  shown  that  E  ,  E  and  their  derivatives 
have  a  stated  number  of  zeros  along  each  line  normal  to  the  middle 
surface,  the  number  of  zeros  depending  on  n  and  the  number  of 
differentiations  of  the  error  with  respect  to  Q-,.      Furthermore, 
If  the  shell  thickness  and  deformation  are  small  enough,  and  if 
the  body  forces  and  surface  tractions  at  the  faces  and  their 
derivatives  are  small  enough,  then,  at  points  not  too  near  the 
edge,  E„  and  its  derivatives  are  significantly  small  if  n  is  large 
enough,  and  E  and  its  derivatives  are  significantly  small 
throughout  the  thickness  if  n  is  large  enough  and  there  are  not 
too  many  differentiations  of  E  with  respect  to  9    .      Also,  under 
the  previous  restrictions,  the  low  degree  terms  in  the  displace- 
ment polynomials  and  their  derivatives  are  more  significant  than 
the  high  degree  terms  at  points  not  too  near  the  edge  (at  least 
this  is  always  true  if  the  difference  in  degrees  of  the  two  terms 
is  greater  than  or  equal  two). 
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